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PEEFACE. 



This book is intended to give an elementary account of the 
dynamical theory of heat as applied to the expansion of gases 
and vapours, which shall be intelligible without any previous 
knowledge of the Di^erential and Integral Calculus. 

It is based almost exclusively qn three works, namely: 

i Rankine's Manual of the Steam-Engine. 

ii. Zenner's Chundzilge der Meohanischen Warmetheorie, 
(of which there is a French Translation), and 

iii. Clerk MaxweFs Theory of Heat. 

The last of these treats of the whole theory of heat and 
its historical development in an elementary manner, but 
more from a scientific than an engineering point of view. 

The two former, while written for engineers, cannot be 
read by one who is not familiar with th§ Calculus. 

It is hoped that this book will prove itself adapted to the 
wants of engineering studei^ts who m2|,y not be able to follow 
the reasoning of RankiAe ap4 ^ennpr. 

Leyen, Feb, 1877. 
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CHAPTER L 

GENERAL DESCRIPTION OF THOSE EFFECTS OF HEAT WHICH 
ARE TO BE CONSIDERED AND A METHOD FOR THEIR 
GRAPHIC REPRESENTATION. 

1. Heat and Energy. Heat is a form of energy re- 
siding in all substances, which energy can under certain con- 
ditions be transformed into external work; on the other 
hand, work expended in certain ways produces, or is trans- 
formed into, heat. 

Our object here is to investigate the more important 
laws of the transformation of the energy of heated substances 
into external work, when those substances are fluids either 
wholly or partly in the gaseous state. 

These laws have a special interest, because it is upon 
such a transformation that the working of the steam-engine 
depends. 

Since heat and work are convertible forms of the same 
energy, therefore quantities of heat may properly be ex- 
pressed in terms of the quantities of external work to 
which they are equivalent. 

2. Unit of work. The unit which we shall apply for 
the measurement of work, and therefore also of heat, is the 
foot-pound ; that is to say, the quantity of work expendedl 

S. H. ^ 
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in moving a mass of one pound through a distance of one 
foot against the action of a constant force whose intensity is 
equal to the mean force of gravity. 

3. Classification of Phenomena* The effects of heat 

which we are to consider may conveniently be divided into 
three classes, namely, the phenomena of Sensible Heat, of 
External Work, and of Internal Work. 

4. Sensible Heat. All heated bodies have a tendency 
to communicate heat to other bodies within their influence, 
and to receive heat from them in return. 

The condition that determines which of these tendencies 
shall predominate is called Temperature. 

In the interchange of heat between two bodies, if there 
be thermal equilibrium so that each receives back as much 
heat as it gives out to the other, and, on the whole, neither 
of them gains or loses by its communication with the other, 
then the two are said to be at the same temperature. 

If one body loses heat which the other gains, the former 
is said to be at the higher and the latter at the lower 
temperature. 

Heat cannot be transferred from one body at a lower 
to another at a higher temperature, except by the aid of a 
machine and the expenditure of mechanical force. 

When a body gains a suflScient quantity of heat its tem- 
perature tends to rise, and when it loses heat in suflScient 
quantity the temperature tends to fall. 

Thus, when two bodies at different temperatures are 
brought into communication and left to themselves, the 
transfer of heat from the body at the higher to that at the 
lower temperature will continue until, either by the lowering 
of the temperature of the former, or the rise of the tem- 
perature of the latter, or by both processes, thermal equi- 
librium is reached, and the bodies are brought to the same 
temperature. 

Our senses are directly aflfected by differences of tern- 
perature, and hence that part of the energy of a heated 
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substance which manifests itself in raising the temperature 
is spoken of as Sensible Heat 

The sensations thus produced are not capable of having 
definite numerical values assigned to them, and it would be 
impossible to construct a scientific theory of heat from them 
alone. 

6. External Work Heat, however, has other phe- 
nomena besides those of temperature; for instance, when 
heat is communicated to any substance, it tends to produce 
a change of volume ; or, if the substance be so confined that 
the volume cannot alter with suflficient freedom, the heat 
supplied produces an alteration in the pressure of the sub- 
stance against the confining structure. It is on these circum- 
stances that all our present calculations are based. 

A few substances have their volumes diminished, under 
certain circumstances, by the communication of heat; the 
most noteworthy example of this being, that when ice is 
converted into water by heat, the volume diminishes, and the 
water itself continues to decrease in volume as more heat 
is supplied to it, until its temperature has been raised to 
a point somewhat above the temperature of melting, after 
which it again expands. 

In the majority of cases, however, and in all those which 
we are about to investigate, the communication of heat to 
a substance tends to increase its volume ; or, if that cannot 
expand with sufficient freedom, causes an increase of pres- 
sure. 

By observations of these changes of pressure and volume 
diflferences of temperature also are measured ; some of the 
different systems of measurement will be describe! later on. 

When a substance expands against pressure it performs 
work, whose amount in foot-pounds is found by multiplyinjg 
the amount of the pressure in pounds into the distance 
in feet through which the point of application of that pres- 
sure is forced back. 

Thus, when the energy of heat is spent in causing ex- 
pansion against pressure, it is converted into External Work 
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Of course, energy which has been so transformed no longer 
exists in the substance in the form of heat, and therefore 
cannot aflfect its temperature. 

6. Internal Work. The energy which does remain in 
the substance, does not all necessarily show itself in the 
form of Sensible Heat by affecting the temperature. 

A part of the energy of heat in every known substance 
is expended in producing molecular changes other than those 
upon which the temperature directly depends. 

Such energy is said to be absorbed in performing In- 
ternal Work, 

In some cases these molecular changes make an entire 
change in the physical constitution of the substance, as when 
ice becomes water by fusion, or when water becomes steam 
by evaporation, but in general their results are not so obvious. 

7- Hypothetical Apparatus. Since we are to investi- 
gate the effects of Heat upon fluids wholly or partly gaseoiis, 
by means of calculations based upon the measurement of 
their pressures and volumes, it will be well to have ideas of 
such measurements as simple and definite as possible. 

With a view to this let us suppose one pound weight of 
such a fluid to be enclosed in a cylinder. Let the cylinder 
be fitted with a piston capable of moving in it without 
friction, and whose weight is so small that it may be neg- 
lected. Let the area of this piston be one square foot, so 
that the volume of the pound of fluid expressed in cubic 
feet may be numerically equal to the distance of the piston 
from the bottom of the cylinder in linear feet. It follows 
that the pressure of the fluid in pounds per square foot will 
be sensibly equal to the external pressure on the piston in 
pounds, so long as this does not alter suddenly. 

In order to examine the effects of heat upon the fluid, we 
will suppose moreover that the piston and sides of the 
cylinder are impervious to heat, and that the end of the 
cylinder is formed of a substance through which heat passes 
without any impediment; but that it also can be made 
impervious to heat, when necessary, by the application of a 
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cover which will prevent heat from passing in any direction 
to or from the fluid in the cylinder. Of course, no apparatus 
fulfilling these conditions can really be constructed, but 
it is necessary to make some such, assumption in order to 
free our calculations from the disturbing influences which 
are met with in the actual observation of the effects of heat. 

8. Graphic representation of pressures and volumes. 

In order to represent graphically the pressure and volume 
of the fluid in this cylinder at any given moment, draw two 
lines OX, OY (fig. 1) at right angles to one another; on 
OX take a point M such that the distance OM shall 
represent according to any given scale the distance of the 
piston from the bottom of the cylinder in feet ; through M 
draw a straight line parallel to Yy and on it take a distance 
MA to represent according to any given scale the amount 
of the external pressure on the piston in pounds. Then, by 
Art. 7, the distance OM represents also the volume of the 
fluid in cubic feet, and the distance MA represents its 
pressure in pounds on the square foot. Thus the position 
of the point A on the diagram indicates the condition of the 
fluid with regard both to pressure and volume. 

But it is found that with each condition of the pressure 
and volume per pound of any given fluid there is associated 
a definite condition in respect of Sensible Heat and of 
Internal Work ; so that the position of the point A on the 
diagram defines in these respects also, the thermal condition 
of the fluid whose pressure and volume it represents. 

In the same way the condition of the fluid at some other 
time may be represented by the point jB, and any series of 
changes undergone in passing from the state represented by 
the point A to that represented by the point B may be 
indicated by a line APQB, such that the condition of the 
fluid at each moment during the changes is represented by 
a point on that line. 

For convenience, we may speak of the state represented 
by any point A or B sls the state A or B, and the fluid when 
undergoing the changes represented by any line APQB may 
be said to change according to that line. Also the series of 
changes themselves may be termed the operation APQB^ 
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9. Bepresentation <tf External Work, The peculiar 
value of tnis mode of representing graphically the pressure 
and volume of the fluid depends upon the resulu of the 
following proposition. 




Site external work done hy the fluid during any such 
operation as APQB ia represented by the area inchtded 
between the curve APQB, the line OX, and two straight lines 
parallel to OY dravm through A and B, the points which 
represent the initial imd final states of the fluid. 

The unit of area employed must be a rectangle, one side 
of which is a line equal to that which represents the motion 
of the piston through a distance of one linear foot, and the 
other side a line representing a change of pressure in the 
fluid of one pound on the square foot, since the unit of work 
is the foot-pound. 

Through B draw BN parallel to OF to meet OX in N, 
theu the number of such units of area in the area MAP QBN 
is equal to the number of foot-pounds of external work done 
by the fluid iu the operation APQB. 

Let the straight line MN be divided into any number of 
equal parts, and let B8 be one of those parts. Through R 
and SAtxw RP, 5Q parallel to OF to meet the curve APQB 
in P and Q. Also through P and Q draw PP, QQ' parallel 
to OX to meet 8Q produced, and PR in P' and Q' respec- 
tively. 

Then the line PF represents the changes which would 
take place while the piston moved through the space R8, 
if the pressure should remain constantly equal to the pre8- 
in the state P. 
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In this case the external work would evidently be equal 
to the product of the constant pressure into the space 
through which the piston moved, and would be represented 
by the area BPP'8. In the same way if the pressure 
throughout the motion of the piston were equal to that in 
the state Q, then the external work would be represented by 
the area jBQ'^/S. 

The work actually performed in the operation PQ is 
represented by an area intermediate between BPP'8 and 
BQ'QS. 

But if the number of equal parts into which MN is 
divided be indefinitely increased, and the distance B8 
consequently diminished indefinitely, the areas BPPS and 
BQ'QS may be made to differ by a quantity less than any 
assigned quantity, and to become ultimately equal to one 
another, and to the area BPQ8. 

Therefore when the distance BS is sufficiently small, 
the work done by the fluid during the operation PQ is 
ultimately represented by the area BPQ8. 

Therefore summing up the amounts of work done by 
the fluid in driving the piston through the spaces repre- 
sented by each of the small parts such as B8 into which 
MN is divided, we find that the total work performed during 
the whole operation APQB is represented by the sum of all 
the small areas such as BPQ8, that is to say, by the area 
MAPQBN. From this property such a diagram is called a 
Diagram of Energy. 

It is evident that if the changes had taken place in the 
reverse order, and the fluid had been compressed from the 
state B according to the curve BQPA till it was brought to 
the state -4, then the same area would represent the work 
done upon the fluid by the external forces producing the 
compression. 

In order to distinguish between the two cases we may 
consider areas to have a positive sign when they represent 
work done by the fluid, and a negative sign when they 
represent work performed upon the fluid by .external forces. 
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Thus areas will be positive or negative according as the 
curve representing the operations performed is described 
from left to right or from right to left. 

Since a number of units of work is to be represented by 
an equal number of units of area, it will be convenient to 
speak of quantities of work as being 'equal' to the areas 
representing them. 

10. Cycle of Operations. When the fluid after under- 
going a series of changes returns at last to exactly the same 
state as that from which it started, the process is called a 
Cycle of Operations. 

If in such a cycle the fluid pass through a series of 
changes, and afterwards return to its original state by passing 
through the same series in the reverse order, then, on the 
whole, as much work will have been performed upon the 
fluid in the second series as was done by it in the first series 
of changes, and the positive and negative areas will exactly 
balance one another. If, however, the fluid after passing 
through one series of changes be brought again to its original 
state by means of a different -series, the cycle of operations 
will be represented on the diagram of energy by a closed 
curve. 
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Let ABCD be such a curve, then if the fluid expand 
from Aio G according to the curve ABC, and be compressed 
again from G to A according to the curve GDA^ the work 
done by the fluid during the expansion will be represented 
as before by the area MABGN, and the work done upon the 
flxiid by external forces by the area MABGN. 
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Therefore the balance of work given out by the fluid 
will be represented by the area ABGD. 

In the same way if the fluid expand according to the 
curve ADO, and be compressed according to the curve GBA, 
so that the cycle is performed in the reverse order, the 
balance of work expended upon the fluid during the cycle 
will be represented by the same area ABGD, which will 
then, according to our convention for expressing such work, 
be considered negative. 



CHAPTER 11. 

GENERAL PROPERTIES OF ADIABATIC AND ISOTHERMAL 

LINES. 

11. Adiabatic Curves. Suppose a cylinder, such as 

that above described, to have the non-conducting coyer 
applied to its end, so that no heat can pass to or from the 
enclosed fluid, and let the external force acting on the 
piston be gradually increased, then evidently the volume of 
the fluid will be diminished, and the series of changes which 
takes place may be represented by a certain curve on the 
diagram of energy. 

If again the pressure be diminished the same changes 
will be reproduced in the reverse order, and may be repre- 
sented by the same curve drawn in the opposite direction. 

The general form of this curve may be seen from the 
consideration that as the pressure increases, the volume 
must diminish without limit, but can never be actually 
reduced to nothing; the curve, therefore, gradually ap- 
proaches nearer to OF as the distance from OX increases, 
but can never touch Y. 

In the same way, since the fluid in the cylinder was 
supposed to be at least partly in the gaseous state, the 
pressure will diminish as the volume increases without 
limit, but we have no reason to suppose that it would ever 
entirely vanish, so that the curve when produced indefinitely 
in the other direction continually approaches OX, but can 
never reach it. 

Such a curve representing the changes of pressure and 
volume which can take place in a fluid when heat is not 
allowed to pass through the walls of the containing vessel, 
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is called a 'Curve of no Transmission/ or an 'Adiabatic 
Curve/ (From a, not, and Sca^aiveiv, to pass through.) 

12. Intrinsic Energy. Let A and B be two points 

on the indefinitely extended curve AB(f)y which is an adia- 
batic for the fluid contained in our cylinder. Through A 
and B draw AM, BN parallel to Y and meeting OX in 
M and If respectively. 
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When the fluid is in the state -4, it is capable of perform- 
ing a certain definite quantity of work in virtue of the energy 
of the heat which it possesses and which causes it to be in 
the condition represented by the point A. 

The total amount of this power of doing work is called 
the Intrinsic Energy of the fluid in the state A, 

In expanding from the state -4 to the state B without 
transfer of heat to or from external sources, the fluid per- 
forms a quantity of work equal to the area MABN\ and 
since it has not received any additional energy from external 
sources during the process, its remaining intrinsic energy 
when in the state B must be less than its intrinsic energy 
in the state A by the same amount. 

By suflficiently expanding the fluid from the state A, 
according to the adiabatic curve, we may make its remain- 
ing intrinsic energy after expansion as small as we please ; 
and at the same time the quantity of work done will become 
as nearly as we please equal to the area included between 
the straight line AM and the straight line and curve MNX 
and AB<l>y when these are indefinitely extended. 

Hence the whole work which the fluid is capable of 
performing in virtue of the heat it possesses in the state 
Af or, in other words, the intrinsic energy of the fluid in 
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the state A, is equal to the indefinitely extended area 
XMA<f>. 

It may be as well to remind the reader that an area 
is not necessarily infinitely large because it is indefinitely 
extended, but has often a fixed limit which it can never 
exceed, however far the lines enclosing it be produced. In 
the present instance there is evidently such a limit, for a 
fluid cannot be supposed capable of performing an infinite 
quantity of work in virtue of the heat which it possesses in 
any given state whatever. 

13. Area representing Heat absorbed. When the 

fluid is in the state A, let the non-conducting cover be re- 
moved from the end of the cylinder and heat supplied in 
any manner, causing the fluid to undergo a definite series 
of operations. 

Let these changes be represented by the line A CD on 
the diagram (fig. 3), and through D, the point representing 
the final state of the fluid, draw the adiabatic curve JD(f>\ 

Then the total heat absorbed by the fluid during the 
operation A CD is equal to the indefinitely extended area 
(f>AGD(l) enclosed between the curve A CD and the two 
adiabatics A(j) and D(f), 

For, through D draw the straight line DP parallel to 
OF to meet OX in P. 

The work performed by the fluid during the operation 
A CD is equal to the area MAGDP. And the whole work 
which the fluid in the state D is capable of performing 
without receiving any farther supply of heat is equal to the 
area XPD4>. 

Thus the whole work which the fluid, starting from the 
state A and absorbing heat during the operation A CD, is 
capable of performing is equal to the area XMAGD^\ 

But the fluid in the state A had already the intrinsic 
energy XMA(f>, 

Therefore subtracting this from XMACD^\ we find that 
the additional energy necessary to render the fluid capable 
of performing the work XMACD<f>' is equal to the area 
(l}ACD<t>. 
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Now the only energy supplied to the fluid in addition to 
the amount which it possessed in the state J., is that which 
it received in the form of heat during the operation A CD. 

Therefore the heat absorbed by the fluid during the 
operation A CD is equal to the area ^A CD<f>, 

14. Isothermal lines. There is no transfer of heat to 
or from the fluid during its expansion or compression ac- 
cording to an adiabatic curve, but it must not be supposed 
from this that the Sensible Heat, and with it the tempera- 
ture of the fluid, remains constant. 

It is found that all gaseous fluids, doing work by ex- 
panding against external forces without absorbing heat, have 
their temperatures lowered in the process. 

This indeed might be expected, since energy which 
existed in the fluid in the form of heat leaves it and becomes 
transformed into external work during expansion. 

Let there be applied to the end of the cylinder a body 
whose temperature is kept constant. If the external pres- 
sure on the piston be now diminished, and the fluid allowed 
to expand, its temperature will tend to fall, and heat will 
then flow from this external body to the fluid; and by 
making the expansion suflficiently gradual we may keep 
the temperature of the fluid as nearly as we please equal 
to that of the source of heat. In the same way, if the fluid 
be comJ)ressed, heat will flow from it to the external body, 
and if the process be gradual, the temperatures of the two may 
be kept sensibly equal, and the changes undergone by the 
fluid during compression will be sensibly the same as those 
which took place during expansion, but in the reverse order. 

The line by which these operations are represented on 
the diagram of energy is called an ' Isothermal Line.' (From 
Z<709, equal, Bkpfiov, heat, or in this case * temperature/) 

Considerations similar to those from which we found 
the general form of Adiabatic Curves, show that Isothermal 
Lines also gradually approach the lines OX, OF, as the 
distance from increases, but can never touch them. 

Also, since heat is absorbed by a gaseous fluid in ex- 
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panding according to an isothermal line, therefore its intrinsic 
energy will not decrease so rapidly as when the expansion 
takes place according to an adiabatic. Hence at the point 
where the two curves meet, an isothermal will be more nearly 
horizontal than an adiabatic. 



15. Camot's Cycle. Suppose now that we have two 
bodies R and 8, which can be kept constantly at two fixed 
temperatures ; B being at the lower, and ^S' at the higher 
temperature. 

Let the fluid in our cylinder be at the same temperature 
as the body By and let its state be indicated by the point 
A. Then first let the non-conducting cover be placed on 
the end of the cylinder and the piston forced down so that 
the fiuid is compressed without transfer of heat till its 
temperature has risen to that of the body 8, the operation 
being represented by the adiabatic curve AB. 

Secondly, let the cover be removed, the body 8 applied 
to the end of the cylinder, and the fluid allowed to expand, 
at the same time absorbing heat from the body 8 so that its 
temperature remains constant. 

Let this expansion be represented by the isothermal line 
BG. 

Thirdly, let the non-conducting cover be replaced on the 
end of the cylinder and the fluid farther expanded from the 
state C to the state D, but this time without transfer of 
heat, according to the adiabatic CD, the temperature falling 
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in the process till at D it is equal to that of the body R, and 
therefore the same as in the initial state A, 

Lastly, by compressing the fluid, while heat is given 
out to the body -B, so that the temperature may remain 
constant, it will be possible to complete the cycle, and to 
bring the fluid back, according to the isothermal DA^ to the 
initial state A, 

Such a series of operations is called " Camot's Cycle," 
because Camot first made use of it in calculating the effects 
of heat. 

The body 8 is referred to as the source of heat, and the 
body i? a3 the refrigerator. 

16. Eeversibility of Camot's Cycle. One important 

property of this cycle is that it is reversible; in other 
words, the very same series of changes can be produced in 
the reverse order, an amount of work being thus performed 
upon the fluid, equal to that which was done by the fluid in 
the original cycle. 

This reversing of the cycle could not have been effected if 
in any part of it heat had been allowed to pass from a body 
at a higher temperature to another at a sensibly lower one 
without performing any external work; for, as we have 
said, the heat could not be returned from the body at the 
lower temperature to that at the higher one without an 
expenditure of work, and therefore more work would have 
to be performed upon the fluid in the reversed cycle, than 
was doL by it in tL original one. aaid the two cycis would 
not coincide. 

If the temperatures of the source of heat and of the 
refrigerator be constant, 'Camot*s Cycle' and 'a reversible 
cycle' are equivalent terms, since it is evident that no other 
cycle could be performed which should have this property. 

17. Quantities of Heat absorbed and rejected in 

Camot's Cycle. In any cycle, since the fluid returns at last to 
the state from which it started, none of the heat absorbed 
can be permanently expended in producing changes in the 
fluid, but all must either be converted into external work, or 



16 ADIABATICS 

rejected in the form of heat. Thus, if the quantity of heat 
arbsorbed be m foot-pounds, and the heat rejected be n foot- 
pounds, the external work performed must be (m — n) foot- 
pounds. 

Also in a reversible cycle, if the temperatures of the 
source of heat and the refrigerator be fixed, the ratio of 
the quantities of heat absorbed and rejected is thereby de- 
termined. For if not, let two fluids in passing through 
reversible cycles with the same source of heat 8 and re- 
frigerator R, absorb m foot-pounds of heat, but let the first 
reject n foot-pounds, while the second rejects some other 
quantity of heat. 

Let this second fluid now pass through another reversible 
cycle in which it absorbs as before m foot-pounds of heat 
from S, but rejects n foot-pounds to the reifrigerator, which 
must therefore be a body at a different temperature firom 
that of R. Let jB' be such a body. We have then two 
fluids passing through reversible cycles, both receiving m 
foot-pounds of heat from a source /S, and both rejecting n 
foot-pounds, but the first giving out heat to a refrigerator i2, 
and the second to a refrigerator R', where R and ij' are at 
different temperatures. 

Suppose that R is at the higher temperature. Now let 
the cycle of the first fluid be reversed so that it shall absorb 
n foot-pounds of heat from the body R and give out m foot- 
pounds to the body S, {m — n) foot-pounds of work being 
therefore expended on the fluid during the process. 

But by supposition the second fluid absorbs from 8, m 
foot-pounds of heat, the same quantity which the first now 
rejects, and gives out n foot-pounds to the body R'; per- 
forming in the process a quantity of work equal to that which 
is expended upon the first fiuid. 

The result of the supposed operations is therefore that 
on the whole no work has been expended on the two fluids, 
and yet w foot-pounds of heat have been transferred from a 
body R to another body R' at a higher temperature, which 
is impossible. 

Therefore the second fluid cannot in a reversible cycle 
reject n foot-pounds of heat to a refrigerator at any other 



AND ISOTHERMALS. 17 

temperature than that of R, and hence must reject n foot- 
pounds to a body at this temperature; that is to say, when 
the temperatures of ^Sf and B are fixed and also the quantity 
of heat to be absorbed, these determine the quantity which 
must be rejected. 

Let the lines ADF^ BCE (fig. 4) be the isothermals of 
a given fluid at temperatures equal to those of R and S re- 
spectively; and let A BCD represent a cycle in which m foot- 
pounds of heat are absorbed, and n foot-pounds rejected. 

Let another cycle DCEF be now performed in which a 
similar quantity of heat is absorbed; therefore a similar 
quantity of heat must also be rejected, since the quantity of 
heat rejected is not dependent upon the nature of the fluid. 

Thus, in the whole cycle ABEF we have a quantity of 
heat equal to 2m foot-pounds absorbed, and 2/1 foot-pounds 
rejected. And the same may be proved of any other 
multiple of m and n. 

From this it is evident that if the temperature of the 
source of heat and of the refrigerator be fixed, the ratio of 
the quantities of heat absorbed and rejected in a reversible 
cycle is thereby determined irrespective of the nature of the 
fluid which performs the cycle. 

18. Absolute scale of temperatures. Hitherto we have 

only spoken of temperatures as being either equal, or higher 
and lower, without considering by how much one tempera- 
ture is higher than another. A scale is required by which 
to name degrees of temperature and thus to fix a standard 
of comparison for the temperatures of bodies which cannot 
be directly compared with one another. 

Such a scale must of course be consistent with itself, but 
is otherwise quite arbitrary. Different scales have been 
proposed, and are in use, depending for the most part on the 
expansion which accompanies the increase of the sensible 
heat of some particular substance. It is desirable for 
scientific purposes to have a scale which shall be independent 
of the peculiarities of any single substance, and shall have a 
definite relation to some property common to all substances. 

Of such scales the one which has been found by far the 

S. H. % 
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most advantageous depends upon the property of Camot's 
Cycle, which we have just demonstrated. It is called the 
scale of absolute temperatures, and may be thus defined. 
The mmibers expressing degrees of absolute temperature are 
proportional to the quantities of heat absorbed and rejected 
at those temperatures in a reversible cycle. 



nc^ 
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Let BA<f)^ and CDcf)^ be indefinitely produced adiabatic 
curves and AU, BG isothermals; then the numbers expressing 
on the absolute scale the temperatures of the fluid which 
correspond to the isothermal lines AD and BG, are propor- 
tional to the indefinitely prolonged areas <f)^AD<f>^ and ^^BG<f)^. 
Let these numbers be denoted by t^ and t^ therefore 

Tj __ area<^,-47)<^g 

Tj area <f>JiG<f>^ ' . . 

From this it follows that 

T, — T, __ area (f>^B G<f>^ — (f>^AD<l>^ _ area A BGD 
Tj ~ axea, (p^BGcf)^ "" area <^jJ5C(^,' 

So that we may put the definition of absolute tempera- 
tures into the following form, which is very often useful: 

The diflference of the absolute temperatures of receiving 
and rejecting heat in Camot's cycle is to the temperature at 
which heat is received, as the work done in the cycle is to the 
whole heat received. 
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The essential part of the absolute scale is the ratio of the 
numbers expressing degrees of temperature, the numbers 
themselves, or, what is the same thing, the size of the degrees 
may be fixed arbitrarily. For convenience this is so de- 
termined that between two standard temperatures there 
shall be the same number of degrees on the absolute scale as 
on the scales in ordinary use. The standard temperatures 
fixed upon are those of melting ice and of water boiling under 
a pressure of 29*922 ins. of mercury, which is the average 
atmospheric pressure. On Fahrenheit's scale there are 180 
degrees in this interval, on the centigrade scale 100 degrees. 

19. Absolute zero of temperature. Since the ratios of 

the numbers expressing degrees of absolute temperature are 
fixed, therefore the scale must have a fixed zero point which 
will be denoted by t = 0, whatever be the actual numbers 
used to express other temperatures. As we approach the 
value T = 0, that is to say, as the quantities of heat rejected 
in a cycle become smaller, the isothermals approach nearer 
to the line OX, and at last sensibly coincide with it, so that 
the zero of the absolute scale corresponds to a temperature 
at which no substance would exercise any expansive power, 
or be capable of performing any work whatever in virtue of 
possessing heat. In other words, the temperature t = 
corresponds to the absolute privation of heat. 

Of course such a temperature could never be experienced, 
but we shall show later on how an estimate is made of the 
interval between this zero point and the temperatures with 
which we have to deal experimentally. 

20. The Thermodynamic function. The property of 

a substance which remams constant- throughout such changes 
as are represented by an isothermal line is the temperature. 
A scale has now been established according to which we 
may denote any difference of two temperatures by a defi- 
nite numerical value. 

In the same way that property of a substance which re- 
mains constant throughout the changes represented by an 
adiabatic curve is called the Thermodynamic function. 

2—2 
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A scale is required according to which we may express 
differences of Thermodynamic function by definite numerical 
values, just as differences of temperature are expressed. 

As in the measurement of temperatures, so here any 
arbitrary scale might be taken, but the only one which can 
be of use to us is determined as follows: 

The difference between the numerical values of the ther- 
modynamic functions coi^esponding to any two adiahatics 
is equal to the quotient of the number of foot-pounds of heat 
absorbed or rejected in passing according to any isothermal 
line from one of these adiabatics to the other ^ divided by the 
number denoting the degree of absolute temperature corre- 
sponding to that isothermal. 

Let BA<f)^, CD<f>^ (fig. 5) be adiabatics, and let ^j, (f)^ 
represent the numerical values of the thermodynamic func- 
tions to which they coiTespond. Also let AD, BO be isother- 
mals corresponding to the temperatures t^ and t,. 

Then by definition 

. . axesi (fy^AD^ area (6,^(7(^2 
C92 - 9i) = ~ = z • 
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Therefore the quantities of heat absorbed and rejected in 
the operations, BG and DA are equal to Tj(^2 — ^J and 
•^1 i^2 - ^i) respectively. 

From this it follows that 

area ABCD = (r, - t,) {cf>^- <^,), 

or, the work done in Carnot's Cycle is numerically equal to 
the product of the difference of the temperatures multiplied 
into the difference of the thermodynamic functions of the 
fluid during the operations. 



CHAPTER III, 



SPECIFIC HEAT AND EVAPORATION. 

21. Heat absorbed at constant volume. Consider now 

the communication of heat to a substance while its volume 
is kept constant. 

The only case with which we have to deal is that in 
which the substance tends to expand with heat, and since 
this tendency is restrained there must evidently be an increase 
of pressure. Thus, on the diagram of energy, the changes 
produced will be represented by a straight line parallel to 
Y, and whose length represents this increase of pressure. 

Since there is no expansion therefore no external work 
is performed in the process, and the whole heat absorbed 
goes to increase the intrinsic energy of the substance, as is 
evident from a figure. 

All known substances have their temperatures raised by 
absorbing heat at constant volume, such rise being denoted 
on the diagram of energy by the intersection of the line re- 
presenting the changes produced, with successive isothermals 
corresponding to higher temperatures. 

The numerical ratio of the quantity of heat absorbed by 
one pound of the substance, to the difference of temperature 
produced in the process, is called the Specific Hunt at 
constant volume of the substance ; and when the quantity 
of heat is expressed in foot-pounds, a^ has been done here, 
the ratio is called the Dynamical Specific Heat at constant 
volume. This latter is usually denoted by the symbol K^, 

Since the ratio is not constant for all states of a sub- 
stance, it is necessary that the changes produced in the 
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operation from which it is calculated in any particular case, 
should be so small that the ratio does not sensibly alter 
throughout them, and in giving the value of the specific 
heat, the state of the substance during these changes should 
be also given, if the statement is to be accurate. 

22. Heat absorbed at constant pressure. Take next 

the case of a substance receiving heat iit constant pressure. 

This is the most usual condition under which the effects 
of heat are obser^'^ed, since the changes of pressure necessary 
to modify sensibly its effects upon solids and most liquids 
would be very great; and it is found that even in gaseous 
fluids, those changes can be most accurately observed which 
take place at constant pressure. 

On a diagram of energy such changes are of course re- 
presented by a straight line parallel to OX, whose length 
corresponds to the change of volume which takes place, and 
whose distance from OX represents the intensity of the con- 
stant pressure. 

The external work done during the operation is equal to 
the product of the pressure into the increase of volume. If 
the volume decrease, work must have been done upon the 
substance during the change. 

Most substances, and probably all, in passing through 
certain states, absorb heat at constant pressure without having 
their temperature raised, until a certain definite quantity of 
heat has been absorbed. 

When heat does produce an alteration of temperature in 
a substance, the ratio of the quantity absorbed to the rise in 
temperature is called the Specific Heat at cmistant pres- 
sure of the substance, or when the quantity of heat is 
expressed in foot-pounds, the Dynamical Specific Heat at 
co7istant pressure. This is generally denoted by the sym- 
bol Kp, 

The specific heat at constant pressure, like that at con- 
stant volume, varies in different states of a substance : hence 
the changes produced in the operation from which the spe- 
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cific heat is calculated, must be so small that the ratio is 
sensibly constant throughout. 

When the specific heat of a solid or liquid is spoken of, 
the specific heat at constant pressure is to be understood, as 
it is not generally possible to observe or calculate the specific 
heat at constant volume, except in the case of gases. 

23. Joule's Equivalent. Specific Heat is termed D?/- 
namical when the quantity of heat considered is expressed 
in foot-pounds, because the older unit of measurement was not 
the foot-pound, but that amount of heat which, acting on a 
pound of water at or near its temperature of greatest density, 
will raise its temperature through one degree Fahrenheit. 

This quantity of heat is still called the British Tliermcd 
Unit, and when expressed in foot-pounds, is numerically 
equal to the Dynamical Specific Heat of water at or about 
its greatest density, which is found to be at a temperature of 
391 Fahrenheit. The British Thermal Unit is equivalent to 
772 foot-pounds of heat. 

Hence, if the Specific Heafc of a substance,, according to 
this unit, be given, the Dynamical Specific Heat is found by 
multiplying it by 772. This number is known as Joule's 
Equivalent, because it was first accurately determined by 
the experiments of Dr Joule. 

24. Dilatability. When the temperature of a substance 
is raised by the absorption of heat at constant pressure, there 
is another relation to be considered, namely, the ratio of the 
change of volume of one pound of the substance to the rise 
of temperature. This is called the Dilatability. 

Like the specific heat, the dilatability is not constant for 
all states of a substance, and therefore it must be calculated 
for any given state of the substance from changes which are 
so small that throughout them the ratio does not alter 
sensibly. 

In any given state of a substance the dilatability is nu- 
merically equal to the ratio of the difl:erence of thermodynamic 
function to the corresponding difference of pressure when the 
substance undergoes any very small change according to an 
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isothermal line, but these ratios have opposite signs, the one 
being positive when the other is negative. This may be 
proved as follows. 

Let figure 6 represent, on a large scale, a small portion 
of the diagram of energy. Let a pound of the substance be 
initially in the state A, and let its pressure and volume be 
equal to p and v respectively. 

Also let BA<f>, ADt be the adiabatic and isothermal 
through Af and let them correspond to the thermodynamic 
function </> and the temperature r. 

Let AB represent a very small compression of the sub- 
stance without transfer of heat, during which the tempe- 
rature undergoes the very small change from t to t , and AD 
represent a very small expansion at constant temperature, 
during which the thermodynamic function increases from <^ 
to ^', and the pressure falls from p to p. 
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Let BCt and CD(I>' be the isothermal and adiabatic for 
the temperature r , and thermodynamic function <f)\ 

The differences (r — t) and (<f> — <^) are supposed to be so 
small that the isothermals and adiabatics of the figure are 
sensibly parallel straight lines throughout that part of their 
lensrth which is under consideration. 

Through D draw a straight line KDL corresponding to 
the constant pressure p' and cutting the isothermal for tem- 
'ature r in K. 
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Through A draw -4L a line of constant volume v to meet 
KDL in i, and AM o. line of constant pressure p to meet 
BCt' in if. 

Through M draw i/iV a line of constant volume to meet 
KDL in Ny and let the volume represented by it be v\ 

Then AM is the increase of volume (v'— v) which takes 
place during a rise of temperature (t' — t) at constant pres- 
sure p. 

Thus , — is the dilatability of the substance in the 

T — T 

state A. 

Also AL is the/aK of pressure {p —p') which accompanies 
an increase of thermodynamic function {<f) — <^) at constant 
temperature r. 

Therefore , or ; — - is the ratio which is to be 

p-p p-p 

proved equal to the dilatability. 

Now the parallelogram ABCD is equal to the parallelo- 
gram AMKD on the same base AD and between the same 
parallels AD, BK. 

Again, this parallelogram ADKM is equal to the rect- 
angle ALNM upon the same base -4ilf and between the same 
parallels AM, LK. 

Therefore the rectangle ALNM is equal to the paral- 
lelogram ABCD. 

But ABCD represents one of Camot's cycles, and its area 
is therefore equal to (t — r) (</>' — </>). 

Therefore the rectangle [AL) {AM) = (t - t) ((^' - j>). 

But AL = p-p and AM= v' - v. 

Therefore (p —p) {v — v) = (t — t) ((^' — <f>), and therefore 

-7 (« = const.) = — ^^ — ^,(t = const.) Q.E.D. 

T— T'^ ' p — p 

The geometrical proof of the proposition is taken from 
Professor Maxwell's Theory of Heat. 
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25. Evaporation at constant pressure. It has been 

mentioned that under ' certain conditions substances may 
absorb heat at constant pressure without having. their tem- 
peratures raised in the process. This takes place during the 
change of the substance from the solid to the liquid state by 
fusion, or from the liquid to the gaseous st'ate by evaporation. 
The latter is the process which is of importance in the 
present connexion. 

Returning then to the pound of fluid contained in the 
cylinder as above described, suppose for the monient that it 
is all in the liquid state under a given pressure p. 

If this pressure be maintained constant while heat is 
cotnmunicated, the temperature will continuously rise until 
it reaches a certain point, which is the highest that the par- 
ticular fluid under consideration can attain at pressure p 
without passing into the gaseous state. 

This is called the Boiling Point of the fluid at the given 
pressure. 

Let the volume of the liquid be now equal to F^, and let 
its state be represented by the point B on the diagram of 
energy (fig. 7). 

If a farther quantity of heat be absorbed while the pres- 
sure still remains constant, a portion of the fluid must be 
converted from the liquid . to the gaseous state, and as all 
known fluids expand in undergoing such a change, the total 
volume of the contents of the cylinder will thus be increased. 
At the same time there will be no alteration in the tem- 
perature of the fluid and, in fact, that part of it which is not 
evaporated will undergo no change whatever. 

If yet more heat be absorbed the portion of the fluid 
which has been evaporated will remain unaltered, but a 
farther portion will be evaporated, and the process may be 
continued until at last the whole pound of fluid has been 
brought into the state of gas. 

Let its volume then be equal to F,, and its state be repre- 
sented by the point S on the diagram. 

A gaseous fluid while in the state which it assumes im- 
mediately on evaporation is known as Saturated Vapour. 
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When a fluid is undergoing evaporation or condensation 
it does not generally separate itself at once into two distinct 
parts, the one liquid and the other wholly gaseous; but small 
drops of liquid are held in suspension in the vapour for some 
time, causing the well-known cloudy appearance among 
vapours which are themselves transparent gases. These 
small drops tend to settle upon and damp the surface of any 
solid cooler than themselves with which they come in con- 
tact. To mark its freedom from any such admixture of 
liquid, a fluid in the state S is called 'Dry' Saturated 
Vapour, 

Op the other hand, fluid which is passing through an 
intermediate state between B and S is sometimes spoken of 
as Super-saturated Vapour ; not that the vapour itself is in 
any way different from dry saturated vapour, but to mark 
the fact that it carries with it small drops of liquid in sus- 
pension. 

If after the fluid has arrived at the state 8, it absorb any 
more heat at constant pressure, the whole mass will be capa- 
ble of simultaneous alteration, and its temperature will rise 
in the usual manner. 

The fluid is then called Super-heated in contradistinction 
to 'Saturated' vapour, 

26. Latent Heat of Evaporation. It was in the process 

of evaporation at constant pressure that it was first observed 
that heat might be absorbed by a substance without producing 
any rise of temperature ; and as the nature of heat was not 
understood, the whole heat absorbed was supposed to lie 
hid in the vapour, no accoun.t being taken of the external 
work performed during the process, which is evidently equal 
to {Vg— Fft) p. Hence the name Latent Heat of Evapora- 
tion was applied to the whole amount of heat which disap- 
pears in the process of evaporation at constant pressure, and 
the name is still retained for convenience, although it would 
perhaps have been more accurate to have applied the name 
only to that part of the heat which actually remains hidden 
in the vapour, having been absorbed in performing internal 
work during the operation. 
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Taking the term however in its accepted sense, let L be 
the latent heat at pressure p of the pound of fluid, and let 
e be the quantity of heat which actually effects the evapora- 
tion by performing internal work. Then since the external 
work is equal to (F,— V^py and there is no increase of 
sensible heat ; therefore 

Putting Vg— J\=-u, so that u denotes the change of 
volume undergone by one pound of the fluid in the process 
of evaporation, we get 

L — e +pu. 

The quantity of heat represented by e will be referred 
to as the Internal Heat of Evaporation. 

Since the process of evaporation is eflfected not by a 
simultaneous alteration of the whole mass of fluid, but by 
successive alteration of small portions, therefore it is evident 
that any portion ooL of heat will evaporate a portion a; of a 
pound of fluid and produce an alteration of volume, equal to 
icu cubic feet, and other eflects in the same proportion. 

27. Biclation of L to the pressure, temperature an d 

volume. A relation between the latent heat of evaporation 
and the pressure, temperature and change of volume of a fluid 
may be found as follows. 
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Let A EST and A*BST be two isothermals correspond- 
ing to the temperatures t and t where the difference 
(t — T ) is very small. 

Let the portions B8 and S 8' represent the changes 
undergone by the fluid during evaporation at the constant 
pressures p and p\ then^ — p' will also be very small. 
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In BS take two points M and -ST representing the volumes 
V and v\ where (v' — v) is again very small, and through M 
and N draw adiabatics MM' and iViV cutting B8' in M' 
mdJSr. 

Since the interval between these adiabatics, and the 
length of the portions MM\ NN' with which we have to deal 
are very small, we may consider MM' and NN' as sensibly 
parallel straight lines. Therefore the area MNN'M is sen- 
sibly a parallelogram and its area equal to (p — p) (v —v). 
And this is equal to the work done in the cycle MNN'M\ 

Also the heat absorbed in the expansion from M to iV' 
is proportional to the change of volume efifected, and is 
equal to 

MN J. V —V J. 

But the work done in a reversible cycle between the tem- 
peratures T and T is to the heat absorbed at temperature 
T as T — t' is to T. Therefore 

(p —p) {V* --v) T'-T 

I ■= , 

V —V J. T 

u 
therefore L = t - — , u (1), 

T — T 

an equation which is true only when the quantities ^—p' 
and T — T are very small. 

28. Curve of Saturation. Let a series of isothermals be 
drawn, as AJB^S^T^, A^B^S^T^, ... (fig. 8) of which the por- 
tions A^B^, A^B^,.,. represent the changes of pressure and vo- 
lume of the fluid at constant temperature in the liquid state, 
J5j5j, B^8^, ... the process of evaporation, and S^T^, S^T^, ... 
the expansion of the super-heated vapour at constant tem- 
perature. A curve drawn through the points 8^, yS^, ... will 
represent the changes which may be undergone by the fluid 
while it remains entirely in the state of saturated vapour. 
It is therefore known as the Curve of Saturation, The 
volume of all fluids in the state of sat\iia\.^^N^'^o\xt ^^^^^^s^^*^ 
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as the pressure and temperature increase, and thus the curve 
of saturation slopes downwards from left to right, as shown 
in the figure. 

On the other hand, the volume of every liquid at the 
boiling point increases with the pressure and temperature. 
Therefore a curve drawn through the series of points 
5j, J?3,... will slope in the opposite direction to the curve 
of saturation, and the two will approach each other as the 
pressure increases, and at length meet. The physical in- 
terpretation of this is that at a certain temperature the 
liquid and gaseous states become continuous, there being 
no marked separation, such as that observed in the ordinary 
processes of evaporation and condensation, between them. 
This is called the Critical Temperature of the fluid. Above 
this temperature the fluid retains the properties of a gas 
under any pressure however great. 

It is supposed that the permanent gases resist conden- 
sation into the liquid form, because the lowest temperatures 
which we are able to produce are still above their critical 
temperatures. 

For certain substances the critical temperature has been 
accurately determined, for instance, that of carbonic acid 
is at 87*7" Fahr., and the corresponding pressure of saturation 
is about 74 atmospheres. 

There are a few substances, however, which can readily 
be brought to the critical temperature. Water reaches it 
at about 773° Fahr. The corresponding pressure of satura- 
tion has not been yet determined; but both temperature 
and pressure are far higher than those met with in the 
practical applications of steam. 

29. Curves of constant weight of vapour. When a 

pound of fluid, instead of being all in the state of liquid or 
of vapour, consists of a mixture in which there is a given 
weight of each, its changes may be represented by a Curve 
of constant weight of vapour. 

Let X be the proportion of vapour ; then the volume of 
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the mixture is evidently equal to xV,+ (1 — x) Fj, and there- 
fore to F^ +iZj(F,- F^) or V^ + au. 



no B 




Hence if the form of the curves B^B^ ... and S^S^.*. be 
known, that of C^C^... the curve of constant weight x of 
vapour can at once be found by making 






If these curves are considered as a series, the curves 
B^B^.., and S^S^... may be looked on as the limits of the 
series when a; = and x = l respectively. 
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HYPERBOLIC AREAS. 



30. Hyperbolic areas. In order that we may obtain 
our results without being dependent upon the methods of the 
Calculus, it is necessary to obtain a geometrical solution of 
a problem which is usually solved by integration. 

We shall have frequent occasion to refer to it in our 
calculations, and may state it thus. 



Prohlem^ 

Let OX, Y be two straight lines intersecting at right 
angles in 0. Let AB be a curve such that the perpendi- 
cular distance of any point in it from the line OX is in- 
versely proportional to the 7i^ power of the perpendicular 
distance of the same point from the line Y. 
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Let AM, BN be straight lines drawn perpendicular to 
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It is required to find an expression for the area of the 
space included between the curve, the line OX, and any two 
lines such as AM, BN drawn perpendicular to OX, 



Divide the straight line MN into any number m of equal 
parts ; let R8 be one of these parts, and through R and 8 
draw jKP, 8Q parallel to OF to meet the curve in P and Q. 
Through A, P, Q, B draw AK, PT, Q U, BL parallel to OX 
to cut OY in K, T, U and i, and let BL cut AM in the 
point W. 

Put AK=x^, AM=y^, 

BL = x,, BN^y,, 

ON X, 



= -« = r. 



OM x^ 

Also FT^x, PR = y, 

.QU = x\ QS=y. 



Since P is a point on the curve we have by supposition 

c 

y= -n> where c is a constant. Hence the rectangle PT, TV 

or a; (y - y) is equal to ca? f^ - ^ j . 

In the same way the rectangle Q8 . 8R or 

y [x-x)=A-^{x-'x). 
Dividing one by the other we get 

PT. TU ^ x(y^ y') ^W" ¥V 
Q8.8E y'(^'-^)'"4.(^'.^) 
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Now a?'" ={x+ {x - a;)}*, 

and this expanded according to the binomial theorem be- 



comes 






Substituting this value of jj'" in equation (1) we get 



PT. TU 1 f ^. n (n - 1) 



QH . SB ai 
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By increasing m, the number of parts into which MN is 
divided, each of these parts can be made as small as we 
please, and may ultimately become less than any assigned 
limit. And when {x -^x) becomes indefinitely small the 
higher powers, {x — xf and others, become indefinitely small 
in comparison with (x —x). Thus the series 

7W?" +— So — ■ ^ (^ - a;) + ... 

If 

may be made to differ from nx^"^ by a quantity less than 
any given limit, and is ultimately equal to nx' 



.«-i 



Substituting this value for the series in equation (2) we 
have 

PT.TU _ 

Q8.SR ^' 

when SR and therefore TU are very small. 

There are then a series of m rectangles of which PT , TU 
is the type, and another series of m corresponding rectangles 
of which Q8, SB is the type, and each rectangle of the first 
series bears to the corresponding rectangle of the second 
series the ratio n to 1. Therefore the sum of the first 
series is equal to n times the second series of rectangles. 

But as m is increased and 8R diminished indefinitely, 
the area of the rectangle QS . SR approaches to equality with 
the area RPQS and may be made ultimately to differ from 
it by a quantity less than any given quantity, and the same 
is true of each of the other m — 1 rectangles of the series. 
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Therefore in the limit when m is indefinitely increased, 
the sum of the series of rectangles of which QS . 8R is the 
type, becomes equal to the area MABN. 

And in the same way the sum of the series of rectangles 
of which PT, TV is the type, may be shown to be ultimately 
equal to the area KABL. 

^r» e area KABL 



Therefore 

area KABL - area MABN 



==n — 1, 



area MABN 
and 

area MABN = — ^ (area KABL - area MABN) . . . (3), 

n — 1 

but area KABL = x^ (y^ — yj + area ABW, 

and area MABN = y, (a?^ — a? J + area JlB W. 

Therefore, from equation (3), 
area MABN^ ^j— ^ {x, (y, - yj -y, (a?, - a?,)}, 

or area MABN ^^^^^^^^^ (4), 



or agam, 

area 



^^^^-^iCt^-^) (^)- 



Equation (4) may be put in other forms by writing 



for instance, 

fe& _ 1 



1^-1 



area MABN^x^,ff-Y-\ = <cj/,' -^^ITl- (6). 
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The results of equations (4) and (5) are perfectly general, 
and true whatever may be the value of n, but when n is put 
equal to unity the expressions take the indeterminate form 

j: , and must be put into another shape to be of any use. 

In order to effect this put r^* = {1 + (r — 1)}*^, and 
expand according to the binomial theorem ; therefore 

r>-' = l+(n-l)(r-l)+ ^^-^)^"-^^ r-l)' 

^(n-l)(.-2)(n-3)^^_^^.^ 



area 



Substituting this value in equation (6), 

{ o • 

4- "-^^"-^' (r-l)'^ J, 

which is true whatever be the value of n. 
Therefore putting n = 1 in this equation, 

where the series is the well-known one for the Naperian 
logarithm of r. (See Appendix.) 

Therefore area MABN'=xjf^\og^r, when w = l. But 
by hypothesis the curve AB is such that for every point 
. .. c 

Hence xy=iC= x^^ when n = 1. 
And therefore 

area 1^45^7 = \og,r (7). 
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And thus the required expression has been found for the 
area in all cases. Q.E.F. 

31. Small quantities of the form — ^ . 

Corollary. It has been shown in the course of the 
foregoing solution that the area MABN is equal to the sum 
of the series of indefinitely small parallelograms of which 
QS . SR is the type, and which lie between the limits OM 
and ON. This series is ultimately equal to the series of 
small parallelograms of which PR. RS is the type. 

Now the value of Q8.SR is y' [x —x) or c. — t^j— ; and 

the value of PR . RS is y {x — a?) or c . —— ^^ — . 

The limits OM and OiV are equal to x^ and x^ respec- 
tively, and the area MABN is equal to 

or if w = 1, then 

area MABN^clogt — , by equation (7). 

Therefore, in all cases, the sum of the whole series of 

X ~~ X X """ X 

indefinitely small quantities of the form — ^j— or — rji— > 

X X 

which are included between the limits x^x^ and a? = a?j, 
is equal to 



JLf_L_J_^ 

« - 1 \<-* <-7 ' 



X 

or if w = 1, the same series becomes equal to lege -^ . 

Of course the successive terms of the series must be of 
the forms 

X —a? . X —05 



7» I TjS b • • • > 



X X 
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or else — 77j^ + — 7ir- + --- 

X X 

We have supposed, for convenience, that the successive 
quantities (a?" — a?), {x —x),.,, are all equal, but this is not 
necessary. In order that the sum of the series mav have 
the above values it is suflBcient that the quantities (a;' — «'), 
(a?' — a?), ,,. be each indefinitely small, and that their sum be 
equal to x^-- x^. 
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A PERFECT GAS. 



32. Hypothesis of a Perfect Gas. We have now con- 
sidered the most important of the thermal relations which 
hold universally for all fluids when they are either partly or 
■wholly in the gaseous state. 

In order to obtain special results from these general 
relations, it will be necessary to have some more particular 
knowledge of the properties of the substances dealt with, 
than is included in the general definition of a liquid or 
gaseous fluid. 

As the simplest case we take first the calculation of the 
thermal relations of an hypothetical substance which is 
spoken of as a Perfect Oas. 

The hypothesis may be stated thus. 

In any given volume of a perfect gas, the pressure, the 
sensible heat and the internal work bear constant ratios to 
the whole quantity of heat which the gas possesses, that 
is to say, are proportional to its intrinsic energy, and are 
independent of the weight of gas which may be present in 
the given space. 

If the gas contained in any given volume, have {h + Jc) 
foot-pounds of heat of which k foot-pounds are sensible heat, 
and have in consequence a pressure p, then the gas contained 
in n equal volumes at equal pressure p must have n(h + Ic) 
foot-pounds of heat of which nk foot-pounds are sensible 
heat. Therefore the intrinsic energy and sensible heat of 
any quantity of a perfect gas are propoTtion'a.V to \Jcife N^^^xiXJCifc 
it occupies when the pressure is constant. 
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But this energy and sensible heat are, by hypothesis, 
proportional to the pressure when the volume is constant. 

Therefore, in general, the intrinsic energy and sensible 
heat possessed by any quantity of a perfect gas are propor- 
tional to the product of the volume it occupies multiplied 
into its pressure. 

33. Selations of the Adiabatic Curves. Let A and B 

represent two states of the gas at equal volume, and at pres- 
sures 'p and np respectively. Let BAK be the line of con- 
stant volume cutting OX in K^ and let A G^ be the adiabatic 
through the point A. 

Through B draw a curve BD^ such that if any line 
BCL be drawn parallel to OF cutting the curve BD^ in 2>, 
the adiabatic AG^ in (7, and the line OX in X, then 



DL_BK 
GL~AK 



= n. 



Therefore the indefinitely prolonged area XKB(f> is to the 
area XKA<f> as BK to AK. 

Hence the area XKB<f> represents the intrinsic energy 
of the gas in the state B, Therefore in expanding according 
to the curve BD<\>\ the gas must on the whole absorb as 
much heat as it rejects. Suppose then that in expanding 
to a given state D it absorb a certain quantity of heat, it 
follows that in expanding according to the curve D<f> it must 




reject an equal quantity of heat. But this is impossible, for 

the area XLDcf) is to the area XLG^ as LD to iC, and 

therefore the area, XLD(^' is equal to tlie intrinsic energy 
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of the gas in the state D. Therefore at do part of the curve 
can the gas either absorb or reject heat, in other words, BD^' 
is the adiabatic through the point JS. 

Hence if any two adiabatics be drawn, and also lines of 
constant volume as KAB and LCD cutting them in ^, J? 
and G, D, and the line OX in K and i, then 

GL DL 



AK BK' 

and therefore 

AK-CL ^BK-'DL 

AK BK • 

Or, when a perfect gas is expanded from one given volume 
to another according to an adiabatic curve, the fall of pres- 
sure is proportional to the initial pressure. 

Again, let A and B represent two states of the gas in 
which the pressure is p^ and the volumes v^ and nv^ re- 
spectively. 



r I C.I I. 




Let BAK be the line of constant pressure p^, and let A G 
be the adiabatic through the point A. When the gas is 
expanded to the state C, let the pressure and volume be 

The gas in the state B may be considered as consisting 
of n volumes each equal to v^, and since, by hypothesis, the 
actual weight of gas in each equal volume does not affect the 
pressure and intrinsic energy, therefore each of these n 

volumes may be considered to contain - th of the quantity 

of gas whose state is represented at A, and yet the expan- 
sion of each, according to the adiabatic c\xi\^, ^'^\i^ ^esse^^N^ 
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the same as that represented by A C. Thus, when the gas 
has been expanded till the pressure has fallen to/>,, each of 
the n volumes will have increased to v,. Therefore, if BD 
be the adiabatic through B, and BCL the line of constant 
pressure through C cutting BD in B, we shall have 



therefore also 



BL _ _BK 



CL BL 



and therefore 



AK BK* 



CL-AK BL'-BK 



AK 



BK 



That is to say, when the gas is expanded according to an 
adiabatic curve from one given pressure to another, the in- 
crease of volume is proportional to the initial volume. 

Thirdly, let A and a represent any two states of the gas 
for which the pressures and volumes are P, F, and jp, r, 
respectively. Let A<f>^ and a<f>^ be adiabatics, and let B 
be any point on the adiabatic A^^. 



A 


K 










\ fiO .12 . 






C 


\, 


O/ 


■--i-. 




\\ 


h 






o 






-0« 


o 








JT 



If the pressure and volume in the state B be mP, nV, 
we shall prove that on the adiabatic a<^j a point may be found 
for which the pressure and volume are mp and nv. 

Let C be the intersection of the line of constant volume 
through A with the line of constant pressure through a. 

Therefore the pressure and volume in the state C are p^ V. 
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Through C draw the adiabatic 01^', and through B 
draw BD parallel to F to cut C^' in D, Also through D 
draw Dh parallel to OX to cut a<f>^ in J. 

Then the volume at the point D is equal to the volume 
at the point B, namely nV, 

And since AB and CD are adiabatics and that the pres- 
sures at Ay B and G are P, mP and p respectively ; therefore 
the pressure at the point D is equal to mp. 

Again, the pressure at the point h is also mp, and because 
CD and ah are adiabatics and that the volumes at the points 
Cy D and a are V, nV and v, respectively ; therefore the 
volume at the point b is nv. 

Thus a point b has been found on the adiabatic through 
a for which the pressure and volume are mp and nv. Q.E.F. 

Corollary. Now whatever be the ratio of the initial 
intrinsic energies in the two expansions AB and ab, the final 
intrinsic energies will have the same ratio ; since 

PV^ mP.nV 
pv mp . nv 

It follows that if the intrinsic energies of the gas in any 
two states be equal, and if in expanding from these two 
states according to the adiabatic curves the gas perform equal 
quantities of work, so that the intrinsic energies at the end 
of the expansion are again equal, then the fall of pressure 
during these two expansions will be proportional to the 
initial pressures and the increase of volume proportional to 
the initial volumes. 

34. Isothermal Lines. Equal quantities of sensible 
heat are those which produce equal temperatures in equal 
weights of any particular substance. But, by Art. 32, the 
sensible heat of a perfect gas is constant when its intrinsic 
energy is constant. Therefore if a given weight of a perfect 
gas undergo any series of changes in which the product of its 
pressure and volume does not vary, the temperature will 
remain constant. That is to say, the isothermal lines of a 
perfect gas are curves for which pv = coii«»\;axi\». 
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Such a curve is known in geometry as a rectangular 
hyperbola, and the lines OX, OY on the diagram of energy 
are its asymptotes. 

Let AB be part of an isothermal line, and let the pres- 
sures and volumes of the gas in the states A and jB be p^, Vj 
and /?,, v^ Thus for any point on the curve 



FIC.I3. 




M X 



Draw AKy BL parallel to OX to meet OY'va K^L and 
draw AM, BN parallel to Y to meet OX in M, N. 

Then we have shewn above that 

area MABN = p^v^ (log, v, — log, rj 

and area MABN" is equal to the work done by the gas in 
the expansion from -4 to J5 according to the isothermal line. 

It is evident also that in the same way 

area KABL =PjV^ (logep^ - logei^J 

= p,v, loffe — = area MABN. 

Again, since in the expansion AB the gas performs the 
work MABN, and that nevertheless its intrinsic energy is 
unsltered: 
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Therefore the heat absorbed during the expansion must 
be equal to the work done. 

Let <^j, <f>^ be the thermodynamic functions at A and J?, 
and T the temperature corresponding to the isothermal AB, 

Therefore the heat absorbed in the expansion is t (0,— ^J. 
Therefore 

-r {<!>,- <f>i)=P,v,log,^^p,v,log,^. (1). 

35. Absolute Temperature. Equal quantities of sen- 
sible heat acting upon equal masses of any given substance 
produce, as we have said, equal temperatures ; but since our 
scale of temperature is arbitrary, it still remains to be proved 
that it is so constructed that proportionate quantities of 
sensible heat acting on equal masses of a perfect gas produce 
proportionate temperatures, that is to say, temperatures 
denoted by numbers having the same proportion as the 
quantities of sensible heat ; this we proceed to do. 

Let AB, CD be isothermals corresponding to the tem- 
peratures T and T , and let A C, BD be adiabatics for which 
the thermodynamic functions are ^^ and <^j. 

Let the pressures and volumes for the points A, B and C 
be p^y Vj; p^y Vg, and mp^y nv^. Because AB and CD are iso- 
thermals, therefore the intrinsic energy of the gas in the 
state A is equal to that in the state B^ and again the 



no.i* 
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intrinsic energy in the state C is equal to that in the 
state D, 

Therefore, if the gas be expanded according to the adia- 
batic curve A G, and again according to the curve BD, the 
fall of pressure and increase of volume in the two expansions 
will be proportional to the initial pressures and volumes 
respectively. 

Therefore the pressure and volume for the point D are 

Now jPjVjlog. -^ is the work done in expanding from 

A to 5 according to the isothermal AB^ and the heat absorbed 
in the expansion is t (^a—^i). 

Therefore 

In the same way from the expansion CD we get 

TIV 

mp, . n», log. — » = t' (<}>, - (f>,), 

or mp^ . «», log. ^ = T (^, - 4>;). 

Therefore 

or the numbers expressing the temperatures of a perfect gas 
are proportional to the products of the pressures and volumes 
of the gas at these temperatures. 

But the quantity of sensible heat in the gas is also pro- 
portional to the product of the pressure and volume. 

Therefore different quantities of sensible heat acting on 
a given quantity of a perfect gas produce proportionate 
absolute temperatures. 

Since temperatures are proportional to the products of 
the pressures and volumes in a perfect gas, therefore if 
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JPt)> "o> ''o ^^ t^^ pressure, volume, and temperature in any 
given state which may be taken as a standard, then in all 
other states of the gas 

£^ _ PA 



This is the fundamental equation of perfect gases, and 
indeed they are often defined as being substances for which 
such an equation holds good ; the only other essential 
character of a perfect gas being that its Specific Heat is con- 
stant. This we proceed to prove. 

36, Specific Heat. The Specific Heat of any substance 
at constant volume, is the ratio of the change of its intrinsic 
energy to the change of temperature at constant volume 
(see § 21, p. 21). But in a perfect gas the intrinsic energy 
hears a constant proportion to the temperature. Therefore 
the Specific Heat at constant volume is constant. 

To find the relation between the specific heats at constant 
volume and at constant pressure ; let A and B be two 
points on a line of constant pressure p^ , for which the volumes 
and temperatures are Uj, t, and v^ t,. 




Through A and B draw AM, BN parallel to OY to meet 
OX in M and N. 

Through A draw the isothermal AC cutting BN in C, 
and through A, B and C draw the adiabatics A^^, Bip^, 
C<l>'. 
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Let the specific heat at constant volume be denoted by 
K^y and the specific heat at constant pressure by iT^. 

Therefore 

£-.= ?^^^% or Z-.(T,-Tj = area f 0^^ 



T,-Ti 



In the same way 

^^^areaM^i,^ or Z, (r.-rj =area ^JiB^, 



T^-T^ 



But the area <j>^AB<j)^ is equal to the sum of the three 
areas ^^AC<1>, ABC and <^' CB(f)^y and of these the area <t>^A C<f) 
is equal to the area MA CN, since one represents the heat 
received and the other the work done in the expansion AC. 
To each of these add the area ABC. 

Therefore area c^^^C^' + area -4jB(7 = rectangle MABN. 

Therefore area <^j-4£<^j=rectangle -Sf^£iV+area (f/CB(f>^, 
and therefore 

but p,v^ = ^^ T„ and p^v, = ^ r,, 

"To Tq 

so that ^1 (Vg — vj ^-^-^-^ (t, — tJ. 

Substituting this in equation (1) and dividing out by 
(tj - Tj), we get 

K,^P^^ + K. (2). 

Since -^-^-^ is constant as well as jf,, this equation shows 
that -Kp is also constant. Q.E.D. 
We may put (2) in the form 

^-f' = K-S:, (3); 
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or, if we denote the ratio -^ by the symbol 7 we may write 
for equation (3) 

^ = ■^.(7-1) (*). 

37. Bifrerences of Thermodynamic Function. Let^ 

and B be two points on a line of constant volume for which 
the pressures, temperatures, and thermodynamic functions 
arejpj, r^y^^y and ^3, Tj, <^g, respectively. 

Let the straight line AB be divided into any num- 
ber n of equal parts of which PQ is one, and let the pres- 
sures, temperatures, and thermodynamic functions in the 
states P and Q be p, r, (f) and p\ t , <f>. Through A, P, Q and 
B draw the adiabatics Aj>^, P^, Q<f> and B^^y and through P 
draw the isothermal PR cutting the adiabatic Q^' in JK. 



• 


a 


I 




• 
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A 


% 







K 



The area <I>PE^' = t (^' - ^), 

and area <f>PQ(f> = K^ (t - t) . 

But if n, the number of parts into which AB is divided, 
be increased indefinitely, and thus each part such as PQ 
be indefinitely diminished, we may make the area ^PB(f>' 
as nearly as we please equal to the area (f>PQ<l>'y so that 
ultimately, 
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r {<!>' -<!>)= K.{t' - r) ', 

or, ^'-^^kJ-:^ (1); 

an.equatipn wbipt holds only when the differences ^' — ^ 
and T — T are very small. 

In order to find the relation which holds between <^ and r 
when these differences are considerable we must take the 
sum of a number of such quantities. 

Now the sum of all the n quantities of the form (^' — ^) 
between the limits j>^ and ^^ is evidently equal to (<^j — <^j). 

And by Art. 31, p. 37, the sum of the n quantities of the 

form between the limits t^ and t^ is equal to loge -*, or, 

,' . . '^^ 

since. the pressure varies in proportion to the temperature, 

to log; ^«. 

Px 



Therefore 



'^^^ rr i/^«. Ps 



(^,-<^^=z.iog.i.«=ir.iog.^ (1), 

when the volume is constant. 

Again, if in any two states of the gas the temperature t 
is the same, while the pressures, volumes and thermodynamic 
functions are p^, v^, <^„ and/?^, v^, <f>^ respectively, we have by 
equation (1) of Art. 34, p. 45, 

T (^, - ^i) =JPx^i loge J = p^\ loge 5 . 
Therefore (^,_^,)=Miog^^«, 

but ^' = ^^ = Z, - K„ by Art. 36. 

Therefore 

(^,-«Ax) = (^^--ff'Jlog. J= (K,-K,)\ogJ^ (2), 

when the temperature is constant, 

r. 

L- 
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By combining equations (1) and (2) we can find the 
difference of the thermodynamic functions for any two states 
of the gas. 

Let A and B represent any two states of the gas for 
which the pressures, volumes, temperatures and thermo- 
dynamic functions are p^, v^, t^, <f>^, and 2?,, v^, t„ ^^, 



nc 17. 




Through the point A draw the isothermal AC, and 
through B draw BO parallel to OY cutting the isothermal 
ACmC. 

Let ^' be the thermodynamic function for the point G, 
and through AB and G draw the adiabatics Afp^, B<f)^, G<f>\ 

Then since j1(7 is an isothermal, therefore 

f-^,= (ir,-£-Jlog.^|; 
and since JJC is a line of constant volume, therefore 

Adding these two equations together, we get 

^.-^, = Z-.log.J + (Z,-ir.)log.^' (3), 

which may also be written thus, 

^,-0.=^.|log.^«+(7.-l)log.^| (4). 

r If the pressures at A and B are equal we have 



V T 
-J= -J 



and therefore (3) becomes 

^.-^,=ir,iog.i«=r,iog.^« 

whea the preissure is constant. 



V, 



(5), 
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Again, since 

or o_j=:_« 

therefore 

log.5 + log.J = log.J (6). 

or log.^; = log.J;-log.|^ (7). 



or 



By substituting in equation (3) the value of log, — taken 
from (7) we get the form 

(<^,- ^J =^,log. J - (^,-Z-.) log.f .....(8), 

and by substituting in (3) the value of log, -^ taken from (6) 
we find 

('^.-<A.)=-K;iog.^' + Z-.log.^ (9). 

(<^."<^x)=^-(7l0ge^; + l0g.^) (10). 

38. Form of the Adiabatic Curve. Since equation 

(10) of the last article is universally true, take for the lower 
limit a point for which Pi = l, Vi = l, and ^j = jPj and for 
V%> ^2> ^2 P^^ P> ^' ^> therefore 

^-jw- = 7 log. » + log.^, 

or j?2/y = 6^^» ^ (11) 

is the equation between "the pressure, the volume, and the 
thermodynamic function of a perfect gas. 

It follows that for aU points on any given adiabatic 
curve 

jpv = constant (12). 



A PERFECT OAS. 53 

And therefore the work done in an expansion according to 
the adiabatic curve from pressure and volume p{0^ to p^^ is 
equal to 

7-1 ' 

by equation (4), Axt. 30. 

Again, since p^^ =i?2V ^7 equation (12), 
therefore, by taking the logarithms of these, 

logg + 7log| = (13), 

But log^ + log ^ = log -^ by equation (6) ; 

Vi ^1 '^1 

and subtracting this from equation (13), 

(7-l)log^'=log^....' (14). 

1 

Also multiplying (13) by ^"" , 
therefore (<y-.i)log-« = !y:illog2s (15). 

Therefore, taking (14) and (15) out of the logarithmic 
form, we have 

f:-(r=©" ''^'' 

as the relations which hold between the pressures, volumes, 
and temperatures of any two points on the same adiabatic. 



CHAPTER VI. 

PERMANENT GASES AND THERMOMETRY. 

S9. Conditions of approximation to ^Perfect Gas/ 

No substance is known which corresponds exactly to the 
definition of a Perfect Gas; but all gaseous substances ap- 
proximate to it more or less closely, and in general the more 
nearly as their pressures are diminished,; and their tempe- 
ratures raised, that is to say, as they are removed farther 
from condensation into the liquid form. 

Hence the name of a * Perfect Gas.* 

. It has been mentioned that there are some gases whicli 
at ordinary pressures and temperatures are so far removed 
from the liquid state, that no combination of pressure and 
cold which has yet been applied to them has suifficed to con- 
dense them, and which are therefore known as permanent 
gases. 

As might be expected, these are the substances which 
approach most nearly to the condition of perfect gases. 

When a gaseous substance approaches condensation its 
diflference from a perfect gas becomes well marked at ordi- 
nary pressures, but at very low pressures even saturated 
vapour follows the gaseous laws pretty closely, so that 
Kankine considers the vapour of water at 32° Fahr., although 
saturated, to be sensibly a perfect gas. 

At this temperature the pressure of saturation is calcu- 
lated to be about 12*3 lbs. on the square foot, or O'OSolb. 
1^ an the square inch. 
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40. Properties of Air. All the permanent gases follow 
very nearly the same thermal laws. We may take air as ai\ 
example of the whole class of substances. 

Let p^v^ be the product of the pressure and volume of air 
at some given temperature between 40® and 60" Fahr. and 
when jPj = 1 atmosphere. 

. Then in a series of experiments at constant temperatures 
between these limits Regnault found that the values of the 
product pv at greater pressures stood thus : 



p = atmospheres 


pv 


pv 


2 

4, 

8 

16 


100122 
1-00352 
1-00683 
1-01004 


0-9988 
0-9965 
0-9932 
0-9901 



and when the temperature is higher the value of pv remains 
ev(3n more nearly equal to that of ^^v^. 

Thus for moderate diflferences of pressure the value of 
pv may be considered as sensibly constant. 

If two vessels, one of which contains compressed air, 
while the other has had the air exhausted from it, have a 
communication opened between them, the air in expanding 
rapidly, so as to fill both vessels, will neither receive nor 
reject heat, nor, again, will it perform external work. 

Therefore the intrinsic energy of the air will be the same 
at the end as at the beginning of the expansion. 

But in making such experiments Dr Joule found that 
when the air had come to rest in the apparatus its tem- 
perature was almost exactly the same as it had been before 
the expansion, and therefore the product of the pressure and 
volume was also nearly the same. 
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Hence the intrinsic energy of air must remain very nearly 
constant during expansion according to an isothermal line. 

Experiments also go to show that when air is expanded 
according to an adiabatic curve from one given volume to 
another the fall of pressure is nearly proportional to the 
initial pressure, and that when air is expanded in the same 
way from one given pressure to another, the increase of 
volume is proportional to the initial volimie approximately. 

Hence it may be shown, as in the case of a perfect gas, 
that for air £- is nearly constant. 

T 

Similar results have been obtained with regard to the 
other permanent gases. 

If T^ be taken to denote the absolute temperature of 
melting ice, and p^v^ be the product of the pressure and 
volume of a pound of air at that temperature, then it is 
found that 

•^ = 53-21. 



•^0 



It is also found, as in the case of a perfect gas, that the 
specific heats of the permanent gases are sensibly constant. 
The value of the specific heat of air at constant pressure 
was found by M. Eegnault from direct experiments to be 
0'2379 of that of water at its temperature of greatest den- 
sity. The specific heat of water has already been given as 
equal to 772 foot-pounds, therefore the dynamical specific 
heat of air at constant pressure is 

K^ = 0-2379 X 772 = 183G. • 
But for a perfect gas by equation (2), Art. 36, 

and thus for air 183*6 = 53-21 + Z. nearly. 
Therefore K, = 130-4, 

snd ^?=: 7 = 1-408. 
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The same results were obtained previously by Ralikine, 
who took the value of 7 from certain experiments on the 
velocity of sound in air, and deduced from it the specifia 

heats of air by means of the equation -^-^-^ = ^^ (7— 1) given 

at (4) in Art. 36, and thus found that 

53-21 = 0-408 j^., 
or K^ = 130-4, as before. 

41. The Air Thermometer. Suppose a glass tube of 
uniform bore closed at one end, to have a certain quantity 
of air confined in it by a drop of mercury which acts as a 
piston, so that allowing for the irregularities of the expansion 
of the glass itself under ^ varying temperature, the distance 
of the mercury from the bottom of the tube is proportional 
to the volume of the included air. 

This is called an Air Thermometer, and a scale of tem- 
perature such that on it equal temperatures are those which 
cause the mercury to move through equal spaces under 
constant pressure, is called the scale of the air thermometer. 
It is evidently very nearly the same as the absolute scale, 
and we shall show in the next article how the two may be 
compared. 

If such an instrument be brought first to the temperature 
of melting ice, and then to that of water boiling under a 
pressure of 29-905 inches', of mercury, which is the standard 
atmospheric pressure, the ratio of the distances of the drop 
of mercury from the bottom of the tube at the two tem- 
peratures will be as 1 : 1-3665. 

Let the distance between the two readings of the ther- 
mometer at these temperatures be divided into 180 equal 
spaces; this being the number of degrees into which the. 
same interval of temperature is divided according to Fah- 
renheit's scale; let the marking be continued in both di- 
rections till the whole tube is divided into lengths each 
equal to one of these 180 divisions, and let the marks be 
numbered successively beginning with zero at the bottom of 
the tube. 

Then, if the pressure remain coualmV. ^V^ti ^^ \aste^- 
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ment is brought to any temperature, the reading will be the 
number denoting that temperature on the scale of the air 
thermometer. 

Because the portion of the tube included between the 
marks for the freezing and the boiling point is equal to 
0*3665 of the portion below the mark for the freezing point, 
and that the former portion contains 180 equal divisions, 

180 
therefore the latter portion must contain 7r-K7j77^ = 491*13 of 

^ 0*3665 

these divisions, that is to say, the number denoting the tem- 
perature of melting ice on the scale of the air thermometer 
is 491*13, and that denoting the boiling point of water is 
therefore 671*13. Also the zero of Fahrenheit's scale, which 
is 32 degrees of his thermometer telow the freezing point, 
is about 459*13° on the air thermometer, 

42. Zero of absolute temperature and of the air ther- 
mometer. At temperatures within the range of our ex- 
periments it has been found that the value of — is very 

nearly constant for air, and hence the scale of the air ther- 
mometer at these temperatures cannot be very different from 
the absolute scale. 

In order however to complete the comparison it is im- 
portant to find whether their zero points agi-ee, and if not, 
to determine the difference between them, neither of which 
can of course be found by direct experiment. 

Joule and Thomson ascertained that there is a small 
difference, and determined its value by means of another 
and more accurate form of the experiment, which we have 
already mentioned in showing that the intrinsic energy of 
air at constant temperature is nearly constant. 

The method may be explained as follows. 

Suppose a cylinder to be fitted with two pistons one at 
each end, while the space between them is divided into two 
chambers by a porous plug. 

At the commencement of the experiment let there be 
« pound of air on one side of the plug having pressure, 
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volume, and intrinsic energy p, v and /while the piston is 
close to the plug on the other side. Now let the pressure on 
this piston be made equal to p\ whe^e p' is less than p, and 
thus let the air be forced through the plug, its volume and 
intrinsic energy per pound after passing through being v'^ 
and I\ When the whole pound of air has passed through 
the plug the work which has been done upon it by the 
piston acting with^ a pressure p through a space v will be 
pv, and thus the intrinsic energy of the air must have been 
increased by this amount. In the same way the work done 
bv the air in forcing out the other piston with a pressure 
p through a space v' must have diminished its intrinsic 
energy by the quantity p'v\ 



FiOJB. 



G 



Z 



•Ht'lM 

itiiiiti 



p'.v 



T 



I 



or 



Thus the result of the whole process is that 

T = I+pV'-'p'v\ 
T -{-pv^I+po (1). 

In a perfect gas, since the intrinsic energy is proportional 
to the product of the pressure and volume, while both are 
constant at constant temperature, this relation could only 
hold if the temperature of the gas were unaltered by passing 
through the plug, that is to say, the cooling eflfect due to 
the expansion without communication of heat would be 
exactly balanced by the heating eflfect of the work done 
during the expansion when this work is all expended in 
generating heat in the gas by meaAS of the friction of its 
molecules. 

All known gases however undergo a small change of 
temperature in the process : in hydrogen there is a slight 
rise of temperature. Air and aU other known gases aro, 
somewhat cooled. 

Let the absolute temperatures of the pound of air before 
and after passing the plug be t and t , and let these tem-, 
peratures according to the scale of the air thermometer b€> 
denoted by t and t. 
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The diflFerence t — t' is always very small, so that we may 
safely write 

although the actual values of t and t are not yet exactly 
known. 

First, suppose the diflFerence of pressures^ — p' to be very 
small. 




Let the point A on the diagram of energy represent the 
state of the air before passing through the plug, and B its 
state afterwards. 

Through A draw AC the isothermal for the absolute 
temperature t, and through A and B draw AK, BL parallel 
to OX cutting 07 in ^ and L, and AM, ^iV' parallel to OF 
cutting OX in M and N. 

Produce LB to cut ^ in 0, and let the volume for the 
point C be equal to v". 

Through A, B and G draw adiabatics -4^, B<\> and O^", 
and let A4> cut BL in D. 

Since the change of pressure from the state A to the 
state B has been supposed very small, and since we know 
that the change of temperature is again very small in com- 
parison with the change of pressure, therefore we may 
consider that the results do not diflfer appreciably from those 
of the change represented by the lines AC, CB, whatever 
majr be the real process of expansion. 
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The heat absorbed by the gas in expandiDg according to 
the isothermal line from the state A to the state C wotdd be 
t(^" — <^), which is represented by the area <f>AC<f>'; and 
the heat given out by the gas in changing from the state G 
to the state B at constant pressure would be jKJ,(t — t'), 
which is represented by the area <f>BC^'\ 

Subtracting this from the area <f>AC^" we see that the 
whole heat absorbed by the air in the processes AB, BO 
would be represented by the area A CD together with the 
area (f>DB(f>, and be equal to t(^" — ^) — jK'^(t — t ). 

But since F -\-p'v = I+pv by (1), therefore area XOLB^ 
= area XOKA^. 

Subtracting from each the common area XOLD<f> we 
have area <f>DB<l> = area KADL. 

Add to each of these the area A CD. 

Therefore the heat absorbed is represented by the area 
KAGL. 

Also since by supposition the change of volume from A 
to C is very small and the volume at B intermediate between 
the two we may write 

area KA CL — (^ — jp')^'* 

so that T(<^"'-<^)-^p(T-T) = (p-i)')«''> 

or ^p(«-0 = 'r(f'-<^)-(p-i>>' (2). 

It was shown in Chap. rci. Art. 24, that the dilatability 
of a substance at constant pressure is numerically equal to 
the ratio which a small change of thermodynamic function 
bears to the accompanying small change of pressure at conr 
stant temperature, but is of opposite sign. In the present 
case this latter ratio is shown by the operation jlCtobe 

A Aft 

equal to ~ — —, , and from the operation BG the dilatability 

is evidently equal to r« 

Hence , =2 % , 
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and therefore -^ — -7- = — ? 

Since the volume is proportional to the temperature 
when the pressure is constant, therefore this becomes 

Substituting this value of (^" — ^) in equation (2), there- 
fore K,{t -t')=T{p-p')^-ip -p')v', 

or ir,(«-o=|'(p-p')lT-<'l- 



/^r 



But -f- = ~^* very nearly, therefore we get 

h P 

an equation which is true only when the change of 
pressure p — jp' undergone by the air in passing the plug is 
very small, 

r 

When the change of pressure is considerable the result 
must be found by summing up the results of a number of 
small changes, such as we have just investigated. 

If in this case the initial and final pressures and tem- 
peratures bejpj, t^ and jp^, t^ it is found that ^^ — ^^ is still very 
small when {p^ —p^ is large. 

Thus no appreciable error will be introduced if we con- 
sider T and t' in the left-hand member of (3) to be constant 
quantities and to represent the same temperature, which is a 
mean between t^ and Tj^ 

Also the sum of the whole number of small quantities 

of the form ^—^ between the limits p^ and p^ is equal to 

P 

log.^'byArt.Sl. 

Therefore we may write equation (3) in the form 

h r% 
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Hence transposing and suppressing the accent on i which 
is no longer necessary we get 

T = ^+^£^^J^^ (4); 

which shows that the zero of absolute temperature is rather 
lower than that of the air thermometer. 

It was shown in Art. 41 that the zero of the air ther- 
mometer is 491*13® below the freezing point of water; ex- 
periments on the principle which has just been explaified 
show that the zero of absolute temperature is 492'66® below 
the freezing point. 

It should be noticed that when investigating the pro- 
perties of thermal lines on the diagram of energy, we sup- 
posed the fluids under consideration to expand against or be 
compressed by external forces which at each instant differed 
infinitesimally from the expansive force of the fluids them- 
jselves. 

The experiments described in Article 40 and in the 
present article deal with the action of a gas when the ex- 
ternal pressure during some part of the experiment is much 
less than the expansive force of the gas. This process is 
termed the free expansion of gases. 

The geometrical form of the calculations in this article 
is due to Professor Maxwell, and is taken from his work on 
the 'Theory of Heat; 

43. Thermometer filled with liquid. The reading of 

an air thermometer depends upon the external pressure as 
well as upon the temperature, and this makes its use in 
ordinary practice impossible. 

On this account thermometers are generally used whose 
reading depends upon the expansion of some liquid, mostly 
mercury. 

The tube of the thermometer is filled with licyiid a.t ^» 
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temperature higher than any at which it is afterwards to be 
used, and is then hermetically sealed. 

When the thermometer cools there is a very nearly 
perfect vacuum in the tube above the surface of the liquid, 
and the readings of the instrument are independent of ex- 
ternal pressure. 

It is usual to have the tube enlarged at the bottom into 
a bulb so as to contain in a convenient compass a quantity of 
liquid which would fill a great length of tube if it were all of 
uniform bore. 

All known liquids expand more rapidly at high tempera- 
tures than at lower ones ; hence if a thermometer containing 
liquid be graduated at equal intervals, and made to corre- 
spond at 32*^ and 212® Fahr. with the air thermometer, the 
readings for intermediate temperatures would be somewhat 
below, and for all other temperatures above the readings of 
the air thermometer. 

Regnault found that when the air thermometer marks 
630** above the freezing point, the reading of the mercurial 
thermometer is 651'9° from the same point, showing a 
difference of 22^ 

Not only does the liquid in a thermometer expand more 
rapidly as the temperature rises, but the glass tube itself 
does the same, and the two inequalities tend to neutralise 
one another, and make the divergence of the mercurial 
thermometer from the absolute scale smaller than it would 
otherwise be. 

Hence for all practical purposes connected with heat- 
engines, as Rankine remarks, the mercurial thermometer 
made of common glass may be considered as coinciding 
sensibly with the absolute scale for temperatures not ex- 
ceeding 500' Fahr. 

For measuring low temperatures thermometers are some- 
times filled with spirits of wine, but their scale differs more 
than that of the mercurial thermometer from the absolute 
scale of temperature. 



CHAPTER VII. 

STEAM. 

44. Steam-gas. Steam, when moderately superheated, 
behaves very nearly as a permanent gas, and it approaches 
more closely to the perfectly gaseous state as it departs from 
the condition of saturated vapour, and as the pressure di- 
minishes. At, very loV pressures even saturated vapour 
does not dififer sensibly from a perfect gas, • 

The specific heat of steam-gas at constant pressure is 
0*48 times that of water at its temperature of greatest 
density. 

Thus the dynamical specific heat 

K^ = 0-48 X 772 = 371. 

Also if Tq denote the temperature of melting ice, at which 
temperature the saturated vapour of water is sensibly -.a 
perfect gas, 

j),i;, _ 42141 _ 

^"492^"^^^' 

the value of pjo^ being calculated from the chemical com- 
position of water. 

Hence Z, = ^^-^^ = 285-6, 

-^ 
and 7 = -^ = 1*3, very nearly. 

A result which is confirmed by other experiments. 

Let pj, Vj, ^j and p^, v^, <f>^ be the pressures, volumes, 
and thermodynamic functions of steam-gas in any two states ; 
then, by equation (9) Art. 37, 

S.H. ^ ^ 
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(^.-^J = 3711og.^«+285-51og.2«. 

And again, H p^, v^, r^ and Pj, Vj, t, be the pressures, 
volumes, and temperatures of steam-gas for any two points 
on the same adiabatic, we have by equation (16) Art. 38, 



'^2 \V \PJ 



Thus the form of the adiabatic curve is given by the 
equation p^"^ = constant ; and the work done by one pound 
of steam in expanding according to such a curve from the 
state j^jVj top^v^ is equal to 

0-3 • 

The form of the isothermals for steam-gas is of course 
approximately a rectangular hyperbola, as in the case of the 
permanent gases. 

45. Total heat of Gkwification. The volume of water 
in the liquid state is so small as to be neglected in com- 
parison with its volume in the state of perfectly gaseous 
steam, and therefore the isothermals for liquid Water coincide 
sensibly with the line of no volume OY. 

Again, the heat absorbed or given out by water in passing 
from one pressure to another according to an isothermal line 
may also be neglected ; that is to say, the intrinsic energy 
of the liquid is sensibly constant at constant temperature. 
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Let A and B represent two states of the liquid at any 
£7ren temperature r^ but at difieieixt -pressures. 
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Thus the intrinsic ^ergy in the states A and B is sensibly 
the same. 

In each case let the pressure be kept constant and heat 
supplied till the fluid has been brought to the perfectly 
gaseous form at the temperature r, and let K, Jj now repre- 
sent the states of the fluid. 

Through K and L draw KM, LN parallel to F to meet 
OX in Jf and JV; 

Therefore the rectangles OAKM and OBLN are equal, 
and represent the external work done by the fluid in the 
processes AK and BL respectively. 

Also the intrinsic energies in the states J? and L are equal, 
and we saw that the intrinsic energies in the initial states 
A and B were equal. Therefore the external work done, 
and the change of intrinsic energy produced in the two 
processes AK and BL are equal, and therefore also the heat 
absorbed in the process AK is equal to that absorbed in the 
process BL. 

Therefore, in general, if water be raised from the liquid 
state at one given temperature to the perfectly gaseous state 
at another given temperature, the pressure being constant 
throughout the process, the heat absorbed is independent 
of the intensity of the constant pressure. 

But at very low pressures the saturated vapour of water 
is sensibly a perfect gas, so that the heat absorbed in con- 
verting liquid water into the perfectly gaseous form at such 
pressures, is equal to the latent heat of evaporation. 

Let Tq be the temperature of melting ice, and L^ the 
latent heat of evaporation at this temperature. 

Then the heat absorbed in converting Uquid water at t, 
into a sensibly perfect gas at the same temperature is equal 
to Lq. Also tne heat absorbed in raising the gas so formed 
from the temperature r^ to the temperature t at constant 
pressure is equal to ^ (t — rj. So that the whole heat 
absorbed in raising water from the liquid state at r^ to the 
perfectly gaseous state at r is equal to L^-\'Kj.{t — t^^ the 
pressure being constant during the pioeeB.^, 
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This quantity is conventionally named tte *'t6t«l heai of 
gasification." 

The value of L^ is found to be 842872, and we saw that 
^=371, therefore 

i, + ^^ (r - T^ = 842872 + 371 (r - 492-66) 

i^ the total heat of gasification^ 

46. Steam in other states than that of steam-gas/ 

The thermal properties of steam when mixed with water 
differ very considerably from those of a perfect gas, and at 
ordinary pressures the saturated vapour and even the slightly 
superheated vapour of water are found to be by no means 
perfectly gaseous. 

No systematic investigation has yet been made of the 
thermal laws of steam in this last-named condition when it 
is in a state intermediate between that of saturated vapour 
and of perfect gas; but the behaviour of saturated steam 
both when dry and when mixed with liquid water has been 
most carefully observed, and the results formulated. 

A simple hypothesis with regard to the nature of a perfect 
gas has been a sufficient basis on which to construct a 
connected series of thermal laws expressing very closely the 
results of actual experiments upon the various substances 
classed as nearly perfect gases. 

No such basis has been found for the laws of saturated 
vapour and its mixture with liquid water ; and we are there- 
fore dependent on formulae which simply condense the results 
of (experiment without implying any connecting hypothesis and 
which are known as empirical formulae. These being mostly 
constructed for temperatures measured by thermometers 
containing mercury and marked with the ordinary scales, it 
will often be convenient to use one of these scales here. 

We shall use the letter T to denote temperatures mea- 
sured according to Fahrenheit's scale, in which the tempera- 
ture of melting ice is marked 32*^, and the temperature of 
water boiling under standard atmospheric pressure is marked 
212'. 



BTEAM. 69 

'.Fahrenheit's' scale is therefore connected with the abso- 
lute scale by the equation 

T=r-460-66 (1). 

47. Specific heat of Ii(q[md waten Before examining 

the thennal laws of vapour it will be necessary to find the 
heat absorbed in raising liquid water from one given tem- 
perature to another. 

The specific heat of most solids and liquids is not constant, 
but increases as the substance expands. 

Thus the specific heat of liquid water is least at S9'V 
Fahr., which is the temperature of greatest density. 

As has been said before, Dr Joule determined its dy- 
namical specific heat at this temperature to be 772. 

The method employed in obtaining this result was, to 
expend a measured quantity of work entirely in producing 
heat by friction in a known weight of water, when the ratio 
of the work expended to the rise in temperature was found 
to be 772 foot-pounds of work per pound of water raised 
through one degree of temperature on Fahrenheit's scale. 
Experiments made by Regnault show that the specific heat 
at other temperatures is given by the formula 

K= 772 {1 + 0000000309 ( T- 391)'} (1), 

or Je'= 772 + 0000238548(37- 391)' (2). 

That is to say, the heat necessary to raise one pound of 
liquid water through a very small interval of temperature 
{T-T) is equal to 

772 (r- T) + 0000238548 (^-391^ (r- T) (3). 

For convenience we may write 

T - 391 = ^, and r - 39-1 = ^'. 

Therefore T - r= ^- ^, and (3) becomes 

772 {ff - ^) + 0-000238548^ {ff-^d) (4). 

In order to find the quantity of heat necessary to raise 
one pound of water through a considerable i^iterval of tem- 
perature from T^ to Tj, it is necesaary \iO aM \.o^<b>iWt ^5^.*<k\a 
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series of small quantities of the form given in {he expresdon 
(3) which are included between the limits of temperature 
T^ and T^, or, what is the same thing, all the series of small 
quantities of the form given in the expression (4) which are 
included between the limits 0^ and 0^ ' 

Now the sum of all the small quantities {ff ^ff) between 
these limits is evidently equal to {0^ — 0^9 and the small 

ff — 
quantity ^ (^— 0) may be written in the form —K=r • 

But by Art 31, Chap, rv., the sum of all the small quan- 

ff "'0 
tities of the form ^ • included between the limits 0^ and 0^ 

is equal to 






and putting » = — 2, this becomes 

Writing for 6^ and 0^ their values, we get for the sum of 
all the small quantities of the form given in (3) between the 
limits 2; and r, 

772 (?;- rj +gx 0-000238548 {(j;-39-iy-(!r-39-l7}, 

or 772 [(T,- TJ +0-000000103 {(j;-39-l)»- (7-391)'}]. 

The heat absorbed by one pound of liquid water in rising 
from the temperature of meltiug ice to the temperature T 
will be denoted by h. 

Therefore by putting 32° for T^ and T for T^, we get 
A=772[(r-32)+0-000000103{(r-391)'+(71)'}]...(5). 

48. Total heat of evaporation. The total heat of gasifi- 
cation has been defined as being the whole heat necessary to 
raise one poimd of water from the liquid state at the tempera- 
ture of melting ice to the perfectly gaseous state at any given 
temperature T, the pressure being constant during the 
operation. 
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It has been shown to be equal to 

or 842872 + 371(^-32). 

The heat necessary to raise one pound of water to the 
state of saturated vapour under the same conditions is called 
the total heat of evaporation, and will be denoted by H, 

The value of H has been determined by the experiments 
of Eegnault, and is expressed by an empirical formula of the 
same form as that for the total heat of gasification. Accord* 
ing to this 

£"= 842872 + 235 (^-32) ..,« (1). 

49. Latent heat of evaporation. The process during 
which the total heat of evaporation Jffis absorbed, consists of 
two parts, namely, first the raising of the poimd of water in 
the liquid state from 32^ Fahr., the temperature of melting 
ice, to the given temperature T, and secondly the evaporation 
of this water at constant pressure and temperature from the 
state of liquid to that of saturated vapour. 

By equation (5) Art 47, the quantity of heat absorbed in 
the first of these operations is 

A = 772 [(r- 32) + 0-000000103 {(T- 39*17 + (7-1)"}], 

and the quantity of heat absorbed in the second operation is 
that which has been spoken of in Art. 26, Chap. III., as the 
latent heat of evaporation and denoted by L. 

Hence we have 

L^H^h .(1), 

therefore L = 842872 + 235 {T - 32) 

-772 [(r- 32) + 0-000000103 {(r-39-l)« + (71)'}]...(2), 

or 

£=860056 - 537r-0000079516{(r-39-l)»+(71)'}...(3). 

Equation (3) expresses very accurately the results of 
experiment, but is rather complicated. 

In dealing 'with steam-engines the range of temperatures 
of saturated steam generally met with is from about IQQ° ¥^>3ks.» 
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to 350' Fahr., which corresponds to a range of pressures of 
saturation from about -^th of an atmosphere to 9 atmo- 
spheres ; and between these limits the latent heat of evapo- 
ration is expressed very nearly by the simpler formula 

L = a^0T. .....(4), 

where a = 861250 and )8 = 546. 

It is sometimes convenient to have this in the form 

i = a'-)8T (5), 

where a' =^ 1112770, and )8 = 546 as before. 

.50. Spelation between pressure and temperature of 

saturation. The pressures of saturation corresponding to 
various temperatures were determined by Regnault from a 
series of experiments, the results of which have been ex- 
pressed in various empirical formulae. 

The form given by Rankine is 

logioJP = ^---3 (1)> 

T T 

which is simpler than that given by Regnault himself, and 
corresponds very accurately with the results of his experi* 
ments when 

A = 8-28203 ; log 5 = 3*4414752 and log G = 6-5839751. 

These values are slightly different from those given by 
Rankine, because the absolute zero of temperature has here 
been taken at —460*66. These constants substituted in 
equation (1) give the value of p in pounds on the square 
foot. If the value of p be required in pounds on the square 
inch, the first constant must be diminished by log, ^ 144, 
and will then be equal to 612367 instead of 8-28203 as 
before. The other two constants remain unaltered. 

From equation (1) it follows that the inverse formula 
giving the temperature in terms of thp pressure of satura- 
tion is 

'A-log,„p R 5 

O '^4iC* 2C ^^'^ 

where ^,= 0-0036014 and ^^ = 00000130. 
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therefore 



51. Cnrves of Saturation and constant weight of 

vapour. If the vollimes of one pound of saturated vapour 
at different pressures and temperatures could be accurately 
determined by experiment, an empirical formula could be at 
once constructed which would give the form of the curve of 
saturation, but as this has not yet been found possible the 
volumes are determined indirectly, by means of formulae 
already given. 

Let p^f p^ be pressures of saturation corresponding to 
temperatures Tj, t^ ; therefore from (1) of Art. 60, 

i<«„?.-i»«;«i'.=(f-^+(^-|); 

Now the sum of all the small quantities of the form 
^ — ^ between the limits p^^ and pg is equal to log,-^, by 
Art. 31. 

If we put pi =y and p^ =p, then the only small quantity 

of this form between the given limits is the one - — ~ . 

Therefore lege S =^ — ^ when {p'-p') is very small, so 
that we may write (1) in the form 

t£'=|i,(^-l)+c;(^4-i)}.*io...(2), 

when (p — jpO and therefore also (r — t ) are very small. 

1 1 T — T 

But - — = ,-f and by making (r — t) small enough 

T T TT 



T — T 



this may be made to differ as little as we please from — ^ 
Thus ultimately — — == --• . 
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III the same way 

1 l_ T'-T^' ^ (T-T0(T-hO _ 2T(T-T') _ 2(r-T^) 

ultimately. 

And substituting these values in (2) 

,£r2;.2.3026(fH-?J),. (3), 

when (p — |}') and (r—r) are very small. 

But from equation (1) of Art. 27, Chap. IIL, 

L 

U= —7, ' 
T — T 

and from equation (4) of Art 49, 

i = o'-/8T. 

2-3026 (I 4- ^"')i, 

Strictly speaking u is the difference between the volumes of 
water in the forms of liquid and of saturated vapour, but the 
former is so small that it may be neglected in comparison 
with the latter, and we may write approximately 

a' — fir ^K\ 



Therefore u= ^p — ^j^ ,..(4). 



(Ff> 



2-3026 

for the volume of one poimd of saturated vapour at the 

temperature t and pressure p. From this with the help of 

S G 
equation (1) Art, 60, which gives log,jp=^ • any 

number of points can be found on the curve of saturation for 
aqueous vapour. 

Again, in the evaporation of a given weight a? of a pound 
of water at constant pressure the change of volume pro- 
duced is au, and when x does not differ very greatly from 
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unity the volume of liquid water will still be so small that 
it may be neglected in comparison with the volume of 
vapour, and thus for any point on the curve of constant 
weight of vapour x we may write 

«' = ^ ^ Tl^ ^>rrx (6)- 



2-3026 f^+^)i> 



The relations between pressure and volume involved in 
the above formulae are very complicated, but by calculations 
of numerical results from these formulae it has been found 
that the curve of saturation up to pressures of about 16 
atmospheres con'esponds very closely with the curve given 
by the equation 

|)2;'» = constant (7), 

where ti^ ^^q^q = 1*0646, according to Zeuner, while Ran- 

kine uses the approximate value ^ = ttt . 

Denoting by v the volume of one pound of saturated 
vapour, the curve of constant weight of vapour x is evidently 

jp (a?v)* = constant (8), 

when X is not very much less than unity. This also becomes 
|n;* = constant when v is put for the volume of the mixture 
of water and vapour under consideration. 

52. Areas boimded by the curve of saturation. Let A 

and B be two points on the curve of saturation, and let the 
corresponding pressures, volumes and temperatures be p^, v^, r^ 
and|>2, v^y Tj respectively. 

Through A and B draw AKy BL parallel to OX and AM, 
J?i\r parallel to OY. 

Then since the form of the curve of saturation is given 
by the equation pv" = constant, the area 

MJimy^ n-1 " 00646 ' 
since n = 10646. 



n 
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In the same way 
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area KABL = n 
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The value of this latter area can also be found in a simple 
form without assuming the equation m^ = constant, as we 
proceed to show. 

The comparison of the numerical values obtained by the 
two methods aflfords a test of the accuracy of this equation. 

Let the straight line KL be divided into any number m 
of equal parts and let TTJ be one of these parts. 

Through T and TJ draw J!P, JJQ, parallel to OX to meet 
the curve of saturation in P and Q, and let the pressures, 
volumes and temperatures for the points P and Q be p, v, t and 
p\ v'y t'. When m is indefinitely increased and the distance 
TU therefore indefinitely diminished, we have ultimately 

arearPQ?/'=(p-jpOv. 

By equation (1) Art. 27, Chap, iii., 






T-'T 



Therefore 






or, neglecting the volume of liquid water, 



T — T 



{jp-p')v^—--L, 
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and by equation (4) Art. 49, 

Therefore {p-'p')v-^0L .'^^ -- P{r--r') (1), 

an equation which is true only when p—P and t — t are 
very small 

Adding together the whole of the series of m quantities 
such as {p —p') V included between the limits p^v^ and p^v^y 
the sum is evidently equal to the whole area KABL. 

Adding together the corresponding series of m quantities 

» of the form a ^ (t — r) between the limits Tj and t^, 

we get for the sum of the small quantities such as a 

■ ^ 
the expression a log, - ; while the sum of the small quanti- 

ties such as ^ (t — r ) is equal to ^ (t^ — t^). 
Therefore from equation (1), 

areaZ'-45i = a'loge-'-)S(Ti-Tj (2), 

or putting for a' and y8 their numerical values from Art. 49, 



area Z'^5i = 1,112,770 log. -^- 546 (ti-t,) (3). 



•^2 



53. Adiabatics of a mixture of water and saturated 

vapour. In a mixture of a liquid with its saturated vapour 
the isothermals coincide with lines of constant pressure, so 
that the only important thermal lines whose form remains ta 
be investigated are the adiabatics. 

Let ABj> represent an adiabatic of a mixture of liquid 
water with aqueous vapour, and tet the pressures, volumes 
and temperatures for the points A and B^ be p, v, r and 
p\ v\ T respectively. 

Also let the weight of vapour in the mixture when in tha 
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states A and Bhe x and x. Through A and B draw AM^ 
^i^ parallel to OTto meet OX in Jf and N. 

As in Art. 47, let h be the quantity of heat necessary to 
raise one pound of liquid water from the temperature of 
m^elting ice to the temperature t. 

Neglecting the small quantity of external work done by 
the expansion of the water during the process, the whole 
quantity of heat h may be considered as remaining in the 
liquid, and as an increase of intrinsic energy. 



r/C 22 




Again, as in Art. 26, let e be the internal heat of evapora- 
tion of one pound of water at temperature t, then the inter- 
nal- heat of evaporation of a weight x of water will be xe. 

Thus the total increase of the intrinsic energy of the 
fluid during the process of having its temperature raised 
from that of melting ice to t, and then having a portion x 
evaporated at constant temperature T,iah-hxe. 

In the same way when the pound of fluid undergoes a 
similar process in which the ultimate temperature is t and 
the weight of vapour x\ the increase of intrinsic energy dur- 
ing the process may be denoted by A' + xe\ 

Thus the difference of the intrinsic energy of the fluid in 
the states A and B is 

{h''h')+(xe-xe'). 

And this difference is evidently equal to the area MABN. 

Now suppose that the change of state from ^ to J9 is 
rerjr small, therefore the area MABN is sensibly equal to 
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IP [v' — v), or, neglecting the change in the volume of liquid 
water produced by change of temperature, 

area MABN=p' {afu' - am), 

-where u and u' are, as before, the differences between the 
volumes of liquid water and of saturated vapour at the 
temperatures r and r • 

Sut we saw that 

area MABN^{h - Ji) + {xe - x^e"). 

Therefore 

(A-A') + («-a?V)+/(a?u-a?V)=0 (1), 

which by the addition and subtraction of xpu becomes 

(A - K) + {a? (^ + jm) - «'(«' +JP'^')} - a(p - p') ^ = 0. . ..(2). 

But e + iw=i/ the latent heat of evaporation at tem- 
perature T, by Art. 26, and e' +jp'M' = i' the latent heat of 
evaporation at temperature t\ 

Therefore we may write (2) in the form 

{h'-K)-\'[xL''x'L')-x{p'-p')u^O (3). 

Now by equation (1) Art. 27, i = t £— ^ u. 
Therefore x (p '-p')u = xL ^xL-^-xL — . 



And (3) becomes 



T 



(A«A')-f (a?i-a;'i')-aji + a7i — = a 



T 



T 



Therefore {h - h') - x'L' + xL^ = 0. 



T 



Therefore ]iz^^xr__xL ^^^^ 

T T T 

This equation is only true when the change from the 
state Pto the state Q is very small. But when (t — t) is 
small {h — ti) is equal to the specific heat of water at tempe- 
rature t' multiplied by the change of temperature {t — t')^ 
and from equation (1) of Art. 47 we see that this is equal to 

772 {1 + 0-000000309 (t' - 4i99'76y\(,T - t V 
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or {772 + (499-76)* X 0-000238548 

- 2 X 0-000238548 x 499*76 t' + 0000238548 t'*} (t - t*). 

Thus we may write for convenience 

'h-h' = (k,-ky + ky*){r-T'), 
and substituting this in equation (4) . 

' when (t — t') is very small. , 

' Next suppose the change of State from One point to 
anotheir on the adiabatic to be considerable. Let the change 
of temperature be from t^ to t^, let the latent heat of 
evaporation at these temperatures be L^ and L^, and let the 
quantities of vapour in the mixture change from x^ to a?,. 
To find the form whicK the equation (5) will take in this 
case we must add up on each side of the equation all the 
series of small quantities included between these limits, and 
by a process similar to that followed in finding the total heat 
necessary to raise liquid water from T^ to T^ Art. 47, we find 
that the sum of the three series of .small quantities of form 
similar to those on the left-hand side of the equation is 

' T 1 

while the sum of the series of small quantities of form 
similar to that on the right-hand side of the equation is 
evidently 

»trhus when the change indicated is considerable equation 
(5) becomes 

/;,log.^-Z-,(r,-TO +|»- (t,«-0=(^'-^')...(6). 

If we consider the specific heat of liquid water to be 
constant, and put for its mean value 775, we shall have 
i225fcead of (6) the simpler fprn^ 
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7751og.^ = (^'-^»).. (7), 

which for most purposes is a sufficiently close approximation . 
to the more exact equation. 

The value of L is known in terms of the temperature by 
Art. 49, so that if the quantity of vapour x in the mixture 
be given for that point on an adiabatic where it cuts the 
isothermal corresponding to t^, then from equation (7) the 
quantity of vapour x^ can be found, which must be in the 
mixture when it has been expanded according to the adia- 
batic curve till the temperature has fallen to r^ 

« 

Again, when t^, x^, Tj and x^ are known it is possible to 
find from them the values of ^i, v^, p^ and v^ and thus any 
number of points on the adiabatic may be obtained. The 
calculation of the form of an adiabatic in this manner is even 
more complicated than the exact calculation of curves of 
constant weight of vapour as given in Art 52, but from 
numerical results of the above formulae it has been found 
that the adiabatic curves also correspond very closely with an 
equation of the form 

jpi;* = const (8), 

when the quantity of vapour x in the mixture does not differ 
very greatly from unity. 

For the value of n in this equation Rankine give^ the 

constant quantity w = -q- as being convenient for calculation 

and a sufficiently ©lose approximation for most purposes. 
Zeuner for greater exactness gives 

w = r035 + ^, 

where x is the proportion of vapour in the mixture at the 
commencement of the expansion, and finds that the results 
agree very closely with those of the exact formulae when x 
is not less than 0'7« 

• The quantity x has been spoken of as a fraction not 
much less than unity;- in connexion. mt\i \S\^s» \!^ xKv\.^\i^ 

8. H. ^ 
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noted that the formulse above cannot be applied in any casc^ 
where the value of x becomes greater than unity, for the 
only interpretation which could be put upon such a value 
would be that the vapour had become superheated; now the 
formulae of this article are true only for saturated and 'super- 
saturated* vapour, 

54. Comparison between cnrves of constant weight of 
vapour and adiabatics* Take one pound of saturated steam 
whose pressure and volume are p^ and v^ 

First let this steam be expanded in such a manner that 
the whole of^it remains in the state of saturated vapour; 
that is to say, let the expansion be according to the curve of 
saturation; and let the pressure fedl during the process to p^ 

By equation (7) of Art J51 the volume must increase firom 

Secondly let this steam be expanded from pressure p, to 
p^ according to the adiabatic curve. 

Since the steam is initially all in the form of saturated 
vapour, 0? s= 1 and equation (8) of the last article takes the 
form 

^^ao85+oi)=: constant, 

which may be written ^<^'^t; = constant 

Therefore when the pressure falls from p^ to p, the 

volume must increase from v^ to v^ f — j « 

But — is greater than unity. 

('p\ 0-9898 ' /«\^^ 

- j is greater than ^i ("^M 

So that when steam initially in the form of dry saturated 

vapour is expanded without gain or loss of heat according to 

the adiabatic curve, the volume after expansion is always 

Jess than the volume of dry saturated steam at the same 

pressure. 
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Therefore a portion of the steam must be condensed 
during the expansion. 

It follows that in order to maintain the whole of the 
fluid imder consideration in the state of saturated vapour 
while undergoing expansion, a certain quantity of heat must 
be supplied from external sources. 

In the same way if a pound of fluid consisting of a mix- 
ture of water and saturated steam initially in the proportion 
of 3 to 7, be expanded according to the adiabatic curve, the 
equation giving the form of this curve will be 

p;ao35+oo7) = constant =:pv^'^^, 
which may be written p^^^ v = constant 

Therefore if the initial pressure and volume hep^v^ and 
the final pressure's, the final volume will be vJ — j 

Whereas if the weight of vapour in the mixture had been 
kept constant during the expansion the final volume would 

('^\0-»898 
— I as before. 

Here again the volume after expansion according to the 
adiabatic curve is less than the volume of a constant weight 
of vapour, but the difference between the two is not so great 
as when the whole of the fluid was initially in the state of 
saturated vapour, that is to say, the condensation during the 
expansion is less than in the case of saturated vapour. 

When the proportion of vapour in the mixture is less 
than 0*7 of the whole the approximate formulae do not apply, 
but it has been found by calculating the volumes from the 
more exact formulae that the condensation caused by ex- 
pansion from one given pressure to another, according to the 
adiabatic curve, is less as the proportion of vapour initially 
in the mixture diminishes, and that when the initial weight 
of vapour is somewhat less than half the weight of the whole 
quantity of fluid operated upon t\ieie \a ^ eQ>\i\x^^ ^^Sfej^ 
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some of the liquid being evaporated during any expansion 
according to the adiabatic curve. 

These results, first amived at by Rankine and Clausius 
from calculation, have since been verified by experiment. 

It must be remembered that these calculations are only 
applicable when vapour expands against a pressure sensibly 
equal to its elasticity, or, what is the same thing, when the 
pressure does not alter suddenly from one value to a sensibly 
diflferent value, but passes through all the intermediate 
degrees of intensity. 

If the pressure alter suddenly from a greater to a less 
intensity the vapour will expand without doing the whole 
external work of which it is capable, and tend to become 
superheated or to evaporate any liquid with which it is 
mixed, if no heat be given out in the process of expansion. 

This is called the "free expansion" of vapour, and may 
be produced by forcing it through a small orifice or a porous 
plug, as described in Art. 42, Chap. VI. 

55. Iffixtnre of ^ses and vapours. Let a closed vessel 
A, partly filled with liquid, have one cubic foot of space above 
the surface of the liquid filled with the saturated vapour of 
that liquid at pressure p^, the temperature of the whole being 
denoted by r. 

Let another closed vessel B, whose total capacity is one 
cubic foot, contain a quantity of some diflferent gaseous fluid 
at pressure p^ and at temperature also equal to t. 

Now let the gas contained in the vessel B be forced into 
the vessel A, the temperature being kept constant during the 
process. 

It is found that this does not cause any alteration of the 
quantity of vapour in the vessel A, but that the pressure 
upon its sides becomes equal to (pi +p^ by the addition of 
the gas. 

Thus it is necessary to molecular equilibrium that a 
definite weight of vapour be present in each cubic foot of 
space 80 long as there is liquid to supply such vapour. 



TLis weight depends only upon the temperature and is 
not altered by the presence of any other gas or gases in the 
same space. 

As an exception to this rule, it was found by Kegnault that 
the weight of vapour is somewhat increased by the presence 
of another gaseous substance when the two have a tendency 
to chemical combination. 

• Although the presence of another gas does not alter the 
ultimate state of equilibrium of a vapour, yet it materially 
alters both the process of attaining eqmlibrium and the time 
. occupied in this process. 

Thus, let a vessel A containing only a liquid and its own 
vapour at pressure pi have a communication opened with 
another vessel B in which there is a perfect vacuum. Then 
the pressure will at once fall throughout the whole liquid 
mass, and there will be in every part of it a sudden formation 
of vapour which will rush to fill the fresh space to which it 
now has access, that is to say, the liquid will boiL 

The same thing will take place, though less suddenly, 
Eg be in the vessels a quantity of some different gas at 
■Ire lower than p^ 

\ the other hand the vessel B contains some other 

I Bubstance at a pressure equal to or greater than jj„ 

|. the opening of the communication between A and B 

fill be no fall of pressure throughout the liquid, and 

[bre no formation of vapour within its mass. 

\ this case the equilibrium of the vapour can only be 

red slowly by the formation of fresh vapour at the 

>of the liquid, and by its gradual diffusion among the 

s throughout the space to which it has access. 
_ follows that a liquid wiU not boil at any given tempera- 
nnless the tolal pressure on its surface be lower than the 
;ure of saturation for its vapour at that temperature; 
that evaporation from the surface of the liquid continues 
'. the pressure caused by its ovm vapour is equal to this 
lUre of saturation, that is to say, until the wholesDe 
ith which it is in communication is occupied by t' 
" ;ht of saturated vapour. 
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56. Conditions of ebullition. In order that a liquid 
may boil, the vapour in forming bubbles in the mass of the 
liquid must overcome not only the pressure on the surface 
and that due to a certain depth of liquid, but also the cohesion 
of the liquid itself. 

In consequence of this, if heat be applied to a liquid con- 
tained, at a given pressure jp, in a vessel with a smooth inner 
surface, and there be little or no movement of the liquid, its 
temperature may be raised considerably above the tempera- 
ture of saturation of vapour for the pressure p without 
causiug ebullition, but any roughness of surface in the vessel 
or any considerable disturbance of the liquid makes it boil, 
and then vapour is given oflF till the temperature of the 
liquid is brought again to the temperature of saturation. 

In ordinary circumstances water has a certain quantity 
of air mixed with it, but by long continued boiling, or some 
other processes, this air may be more or less expelled from 
it, and then the water may much more easily be raised 
considerably above the temperature of saturation for its 
pressure. 

When water in this state does begin to boil the ebullition 
is very violent, and even explosive. It has sometimes been 
supposed, but not proved, that certain explosions of steam 
boilers may be caused in this way, especially where surface 
condensation is employed and the water thus evaporated and 
condensed many times successively without being exposed to 
the air or having an opportunity of absorbing any. 

Again, when water is not pure, but contains some salt or 
other such substance from which the water must separate 
before evaporating, the temperature rises above that of 
saturation and remains so as long as heat continues to be 
applied. The important instance of this for our purpose is 
that of the brine which is supplied to the boilers of marine 
engines. Rankine gives an estimate that the boiling point 
of brine rises about 1*2 FaL above that of pure water for 
every ^nd of its weight of salts dissolved in it. Also that 
ordinary sea water contains on an average about ^nd of its 
weight of salts and that the water in marine boilers should 
not be allowed to contain more than from ^^nds to ^nds of 
salts. 
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Whatever be the temperature of the liquid, the tempera- 
ture of the vapour which rises from it is always exactly the 
temperature of saturation for the pressure. 

Hence in measuring the boiling point of water the 
thermometer should not be placed in the liquid but exposed 
to the vapour rising from it, otbefwise the experiment can- 
not be depended on as accurate. 



CHAPTER Vm. 

SOME PBOPEBTIES OF HEAT ENQIKES. 

I 

57. Perfect elementary Heat Engine. Looking now to 
machines by which the conversion of heat into external work 
is utilised, it will be seen from what has been said in Chap. 
II. that the engine which would give the simplest theoretic^ 
results would be one in which the working fluid should pass 
through its series of changes according to Camot's Cycle. 

Suppose any engine to obtain its heat from a source at 
the constant temperature t, and to reject heat to a re- 
frigerator at the temperature r^ also let the extreme values 
of the thermodynamic function of the fluid during the cyde 
be ^1 and ^,. Then since the temperature at which heat 
is absorbed cannot be higher than that of the source of 
heat, nor the temperature at which heat is rejected lower 
than that of the refrigerator, therefore whatever be the 
cycle performed the external work done cannot be greater 
than (tj — Tj) (^j — ^ J which is the work done in a reversible 
cycle. Also no smaller quantity of heat can be rejected 
than T (0, — 0,), and it is evident that if more heat be re- 
jected less work must be done in the cycle. 

Again, if the heat rejected be equal to t, (^,— <f>^, but the 
work done in the cycle be different from (r — t,) (^, — <f>^), 
then let this work be equal to (? — r^) (^j — ^J, where 
q must be less than r^ In this case the heat absorbed 
from the source cannot be less than j, and therefore 
the ratio of the work* done to the heat absorbed during 

the cycle cannot be greater than ^ ^ , that is to say 



than 
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But in a reversible cycle the ratio of tKe yrork done to 
the heat absorbed is — ^ or [1 ^-j, and this is greater 

than (1 — i j since r^ is greater than q. 

Therefore the ratio of the work performed to the heat 
absorbed by the engine is greatest when its cycle is re- 
versible. 

The ratio of the work performed to the heat absorbed is 
called the Efficiency of an engine. 

Therefore, of all engines having the source of heat and 
the refrigerator at the same constant temperatures, that 
engine will have the highest efficiency whose cycle is re- 
versible. 

No such engine can t)0 actually constructed, but it serves 
as a useful basis of comparison for the results given by 
other engines, and is referred to as a Perfect Elementary 
Heat Engine, 

58. Condition of HazimTUii Efficiency. If thereby no 
Hvailable source capable of supplying at constant tempera- 
ture the whole quantity of heat to be absorbed during the 
cycle> it may be necessary for an engine to obtain different 
parts of its supply of heat at different temperatures. 

For instance, let there be two sources at temperatures Tj 
and T3, capable of supplying at these temperatures the 
quantities of heat Tj(^j — ^ and t^{^^ — ^J respectively. 

Let these quantities be represented on the diagram of 
energy by the indefinitely produced areas if>y^AB^^ and 

Suppose that the whole heat rejected by the fluid can 
be absorbed by a refrigerator at the constant temperature 
Tj, and let EFG be the isothermal ''corresponding to this 
temperature, and cut J.^, C^^ D<f>^ in Qy i^'and E. 

• 

With these temperatures of absorbing and rejecting heat 
the highest possible efficiency would be obtained by means 
of two perfect elementary heat engin^a, OTkft oil ^\cl^^^n^^ 
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perform the cycle ABFG and the other the cycle CDEF, 
and the combined efficiency of these two engines, that is to 
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say, the ratio of the whole work performed to the whole 
heat absorbed, would be 

The very same result will be obtained ftom the single 
engine absorbing heat partly at the temperature t, and 
partly at; the temperature t,, if it perform a cycle such as 
that represented by ABODJEQ, which is evidently a re- 
versible cycle. 

Therefore in this case also the condition of maximum 
efficiency is that the cycle of the engine should be reversible. 

The same reasoning evidently applies both when there 
are any number of different temperatures of absorbing heat, 
and when there are diflferent temperatures of rejecting heat 

Suppose then that the number of different temperatures 
at which heat is absorbed and rejected during a cycle be 
indefinitely increased, and the quantities of heat absorbed or 
rejected at each temperature and also the difference between 
two successive temperatures be indefinitely diminished. 

Such a cycle may be made to differ as little as we please 
/rom, and ultizaatelj to coincide with, a reversible cycle in 
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which the temperatures of the source of heat and of the 
refrigerator graduaUy vary. 

Thus in the figure let pq, p'q\ p"(f.^* be adiabatics and 
pr\ jpV'... and «3^, ^Y'*-- isothermals corresponding to the 
temperatures r^ t,'... and t^, t/... of absorbing and rejecting 
heat. 

Then if the number of adiabatics drawn in the space AB G 
be indefinitely increased, and the difierences of temperature 
(t/ — T,)... and (t/ — Tj)... therefore indefinitely diminished, 
while the quantities of heat absorbed and rejected at each 
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temperature also become indefinitely small, then the cycle 
prpr'p",.. q's'q'sq... may be made to differ as little as we 
please from the cycle ABG, and ultimately to coincide with it. 

But the condition necessary that the cycle represented 
hyprprp*' .., j'V^'^y... may be one which gives the maximum 
efficiency is that the temperatures of absorbing and rejecting 
heat must be equal to the temperatures of the source and 
the refrigerator in each operation, that is to say, that the 
cycle must be reversible. 

Therefore also the condition that the cycle ABG may be 
such as to give the greatest possible efficiency is that it must 
be reversible. 

And the same condition evidently holds for any cycle 
whatever. 
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§9. Kegenerators. As an instance of the variation of 
temperature in the source of heat and refrigerator we may 
mention the application to engines of what is called a 
"Kegenerator." 

Essentially this is any body which serves to absorb heat 
from the working fluid and thus act as a refrigerator during 
one part of the cycle, while it acts as a source of heat during 
another portion of the cycle by returning to the fluid the 
heat which it had before absorbed. 

The usual form of a regenerator is a long chamber nearly 
filled with thin plates of metal, so placed as to offer as little 
resistance as possible to the "passage of the fluid. 

After receiving its supply of heat from the source, the 
fluid is passed from one end of the chamber to the other 
between the interstices of the thin plates, and has its 
temperature gradually reduced by giving up to the metal a 
certain portion of its neat 

On amving at the other end of the chamber the fluid is 
passed into the refrigerator and loses such of its heat as is 
to be permanently rejected, after which it is again passed 
through the regenerator in the opposite direction, and lastly, 
put again into communication with the source of heat. 

In the first passage through the regenerator the fluid is 
at a higher temperature than the metal plates and thus gives 
off heat, raising to the highest temperature that part of the 
regenerator at which it enters, and being gradually cooled 
down till it arrives at the other end. 

In the return passage, after rejecting more heat to the 
refrigerator, the fluid is at a lower temperature than even 
the coolest part of the regenerator, and absorbs heat from 
the plates with which it comes in contact there. 

As its temperature rises it passes forward to the other 
end of the regenerator, absorbing heat on its way till it passes 
again through the end at which it entered, where the plates 
are at a temperature little lower than that to- which the 
fluid is raised by the source of heat. 

It follows from Art. 58 that the fnost perfect iresults 
would be obtained from a regenerator in which the tempera- 
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ture of the metal at any point should never differ by a finite 
quantity from that of the fluid when passing that point. In 
such a case the portion of the cycle performed in the re- 
generator would be sensibly reversible, and the same quantity 
of heat which was given out by the fluid in its first passage 
would be absorbed in the return passage; so that the efficiency 
of the engine would not be less than that which would have 
been obtained if the cooling and heating had been effected, 
as in the Perfect Elementary Heat Engine, • entirely by 
expansion and compression; such efficiency however is not 
obtained from actual regenerators. 

The practical advantage aimed at by the employment of 
a regenerator is the reduction of the size of the engine 
necessary to perform a given quantity of work. 

When the difference of temperature between the source 
of heat and the refrigerator is great, the cylinder of an engine 
must be very large if the whole change of temperature of 
the working fluid from one to the other is to be produced by 
means of expansion. 

The engines to which regenerators have been applied are 
mostly those in which the working fluid is air, because one 
great objection to the employment of air engines has 
always been the large size of cylinder required for performing 
a given quantity of work. 

In such engines the loss of efficiency by the use of 
the regenerator is estimated by Kankine at between 5 
and 10 per cent, of the total heat absorbed, in the most 
favourable instances. 



60. Elem6ntery Air engine. As numerical examples, 
calculations are given of the results which would be obtained 
1st from a perfect elementary Heat engine; 2nd, from a 
perfect engine with a regenerator, the working fluid in each 
case being air. 

Let A BCD represent the cycle of an elementary Air 
engine, and let the pressures and volumes for the points 
A, B, C and D be p^v^, pjo^^ p^v^, and p^v^ respectively. 

Let ^,, ^j be the thermodynamic functions for the adia- 
batics AD and BC. 
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Let Tj the absolute temperature of the refrigerator be 
550", and t, that of the source of heat be 990®, which are equal 
to 89-34" and 52934" Fah. 

Let the quantity of heat absorbed at the temperature 
r, be 24750 ft.-lbs., and let p^ the lowest pressure in the 
cycle be equal to the standard atmospheric pressure, namely 
2116*4 lbs. per sq. foot. 

In Chap. VL Art 40, we saw that for air 



Po% 



= 63-21 and 7 = 1-408, 



80 that 



-^ = 2-451 and -^ = 3451. 
7—1 7 — 1 

Starting then with p^ = 2116-4 lbs., we get 

53-21 T- 53-21x550 -^^^ ., 

V. = * = — T^TTF-A — ■= 13*83 c. ft. 

' p^ 2116-4 

p, =p, (^«y ■' = 2116-4 X (1^"= 16090 lbs 



v^ = v, (J)'"'= 13-83 X (^y'" = 3-274 c. ft 
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Again, by Art. 34, Chap. V», the heat absorbed is] equal 

Therefore p^^^ log. {-A or p^^ log, (-A = 24750, 

therefore log. g) = 1609^x^3-274 = ^■*^^^' 

therefore - = 1*6 nearly = -^ 

and jPi = 1 -Gi), = 25744 lbs. 

V =^=2-046 eft. 

* 1'6 

also -P^ = ^=a = !L«=l.6, 

PZ ^4 JP2 ^1 

therefore p^ = l-G^^a = 3486*2 lbs. 

* 16 

The heat rejected is to the heat absorbed as t^ to t,, 
therefore heat rejected = ^ x 24750 = 13750 ft.-lbs. 

And therefore the work done in the cycle is 
5 24750 - 13750 = 11000 ft.-lbs. 

or Q of one Horse Power per stroke per minute. 

The eflSciency of the engine is evidently 

24750 - 13750 ^ T,-T, _ 4 
24750 T, ■" 9 • 

It will be seen that in such an engine the ratio of the 
greatest to the least volume is about 7 to 1, while the 
corresponding ratio of the least to the greatest pressure is 
about 1 to 12. 
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61. Air engine with regenerator. Compare with these 
the results given by a perfect air engine working between 
the same limits of temperature, absorbing the same quantity 
of heat and doing the same work, but performing its cycle 
with the help of a regenerator. 

We will suppose that the volume of the air is not altered 
during its passages through the regenerator^ and that the 
highest pressure and therefore the least volume of the air 
during the cycle are the same as p^^, the highest pressure 
and least volume in the cycle of the previous article, 

Let A BCD represent the cycle of this engine, and as 
before let p^v^ p^Vj, p^v^ and p^^ be the pressures and volumes, 
for the points J., JB, C and i>. 





A 


V 








\ r/o. 26. 




D 


. \^^ 






\^^^> 


a 


f 
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Then since by hypothesis the circumstances of absorbing 
heat are the same as in the last example, therefore 

Pj = 25744, t;i = 2046, 

p,= 16090, t;, = 3-274, 

as before, and hence 

|)3 = T^;?^ = ^x 16090 = 8939; V3 = r, = 3-274, 



P4 = - jPi = 5 X 26744 = 14302 ; V4 = v^ = 2046, 



v„ 



Tfut we 9&W that -* = 1*6. 
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Thus in the engine with a regenerator the greatest and 
least volumes are in the proportion of only 1*6 to 1, and the 
greatest volume is less than J**" of the greatest volume in the 
cycle of an engine without a regenerator, and in which the 
least volume is the same. 

The greatest and least pressures are in the proportion of 
3tol. 

62. Diagrams of energy from di£ferent apparatus. 

The cycles of actual heat engines are seldom if ever per- 
formed wholly in a single chamber or vessel, but whatever 
be the number of separate apparatus employed, the work 
done in each may be indicated by a diagram representing on 
a fixed scale the pressures and volumes of the whole mass of 
£uid acted upon m that apparatus. 

By combining all the diagrams a figure will be obtained 
representing the whole work performed by the engine during 
the cycle. 

If the weight of fluid acted on in all the apparatus be 
constant an3 equal to m pounds, then the combined diagram 
may evidently be considered either as the diagram of m 
pounds of fluid drawn to the given scale of pressures and 
volumes, or as the diagram of one pound of fluid drawn to 
the same scale of pressures biit to a scale of volumes m times 
as large as the given scale, and isothermals or adiabatics may 
be drawn and compared with any of the lines of the figure 
accordingly. 

Of course in the latter case the work done by one pound 
of fluid must be multiplied by m to find the work done by 
the whole m pounds. 

Very often however the weight of fluid acted on is not 
the same in all the apparatus, for instance, the weight of 
fluid in a steam-boiler is greater than that in the cylinder. 

In such cases if the weight of fluid in one apparatus be 
m pounds and in another apparatus n pounds, then in the 
combined diagram the line indicating the changes in the 
latter apparatus may be considered as part of the diagram 
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of one pound of fluid to a scale of volumes — times as great* 

as the scale to which the diagram of a pound of fluid in the 
former apparatus is drawn* 

Thus the scales of the two parts of the diagram being 
different, lines which are drawn as isothermals or adiabatics 
with reference to one part of the diagram will not neces- 
sarily have the same significance with regard to the other 
part of the diagram. 

The area of the diagram will however still show the work 
done by the whole mass of fluid employed, 

63. Fluid acting as a cnshion. The difference of 
weight of fluid acted upon in different parts of the cycle 
must be produced by some portion of the fluid always re- 
maining in one apparatus and not passing forward to un- 
dergo the same cycle of operations as the rest of the fluid. 

The portion which remains in any vessel after the rest 
has passed forward must evidently complete a cycle of its 
own, independent of the remainder of the cycle of the rest 
of the fluid. 

If this cycle could be entirely separated from that of the 
rest of the fluid, the diagram of any engine could be reduced 
to a series of diagrams of constant weight of fluid such as we 
have been considering. 

This is not generally possible, but sometimes it can be 
seen from the circumstances of the case that the fluid re- 
maining in a vessel must, during expansion, pass in a reverse 
order through the same or nearly the same series of changes 
as during compression, thus giving out no work on the whole. 

In such cases the fluid is said to act as a cushion, and 
its diagram is easily separated from that of the working 
fluid, if it undergo one series of changes by itself. For let 
AB represent the changes undergone by the whole of the 
fluid, and CD the changes undergone by that portion which 
acts as a cushion. Through A and C draw AGK to meet 
OF in ^, and through B and 2) draw BBL to meet OY 
in I/, 
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Then, by supposition, when the state of the whole fluid 
is represented by -4, the pressure of that part which acts as 
a cushion is the same as when the latter is in the state 
represented by G. Therefore the pressure of the fluid for 
the point A is the same as the pressure for the point (7, 
that is to say, the straight line -4 is [parallel to OX. And 
in the same way it may be shown that BD is parallel to OX. 

Also when the volume of the whole fluid is equal to AK 
the volume of cushioning fluid is equal to CK. 

Cutting off therefore from KA a portion A A = KC^ we 
have for the volume of the remaining or working fluid the 
line KA. 

In the same way if any straight line PQR be drawn 
parallel to OX to cut AB, CD, KL in P, Q and R respec- 
tively, and from PR a part PP be cut off equal to QR, 
the remainder RP will be equal to the volume of the work- 
ing fluid at the pressure OR. 

Thus the series of changes undergone by the working 
fluid alone may be represented by a curve BP'A drawn 
through the series of points obtained in the same way as P\ 
It is evident, from the construction of such a curve, that the 
area KA'FB'L, included by it, is equal to the area GAPBDQ 
included between the two original curves APB and CQD. 
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CHAPTER IX. 



THE STEAM-ENGINE. 



64. Indicator diagrams. The ideal form of the indi- 
cator diagram taken from the cylinder of an ordinary steam 
engine resembles that shown at ABODE in figure 28. In 
this A represents the pressure and volume of the steam 
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in the cylinder at the moment when the piston commencea 
its stroke. At this moment the communication between the 
cylinder and the boiler is open and remains open until the 
portion AB of the diagram has been described, so that AB 
is a line whose form depends upon the expansion of the 
whole mass of fluid in the boiler as well as in the cylinder. 
This expansion being very small compared with the total 
volume of the fluid should be effected without sensible 
alteration of pressure, and the ideal form of the portion AB 
of the diagram ia thus a straight line parallel to DX 
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When the piston has swept through a volume equal 
to AB the communication between the cylinder and the 
boiler is closed, and the steam in the cylinder allowed to 
expand separately throughout the remainder of the stroke, 
this expansion being represented by the curve JS(7, after 
which the exhaust valve is opened and the steam allowed 
to escape from the cyUnder. 

We have supposed the cycle to be so arranged that at the 
end of this expansion, which is also the end of the forward 
stroke, the pressure shall be equal to that against which the 
piston is forced during the return stroke. The latter pressure 
is called the "back pressure," and is generally sensibly 
constaiit during that portion of the return in 4hich thi 
exhaust valve remains open. 

Shortly before the end of the return stroke the exhaust 
valve is usually closed, and the small quantity of steam re- 
maining in the cylinder is compressed by the piston during 
the rest of the stroke ; this compression being indicated in 
the diagram by the line DU. 

When the piston has arrived at the end of the stroke, 
the pressure and volume of the steam remaining in the 
cylinder being denoted by the point E, the communication 
with the boiler is again opened, and the entering steam 
quickly raises the pressure in the cylinder to that repre- 
sented by the line AB. 

In this operation the steam which had remained in the 
cylinder is of course compressed, and we may suppose its 
changes to be represented by the dotted line EF, while the 
fresh steam from the boiler fills up the volume represented 
by FA. 

The forward stroke of the piston now recommences, and 
the series of operations is repeated as before. 

65. Clearance and Cushioning. In all engines there 

must be some space between the end of the cylinder and the 
piston even when the latter is at the extremity of its stroke ; 
also the steam-valve, or valve regulating the admission of 
.steam from the boiler, is seldom quite close to the end of the 
cylinder. All the space which remaVxia sA* ^^ «sA ^H. ^vk^^ 
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stroke between the piston and the steam-valve is called the 
« clearance." It is this space which is represented in the 
figure by the distance between the point A and the line OY. 

In order to draw the line OF in its proper position with 
regard to the indicator diagram the clearance must be mea- 
sured, but if such measurement is not to be had, the space 
may be taken roughly as probably equivalent to the volume 
swept through by the piston in from one to two inches of the 
stroke. The clearance should of course be taken into ac- 
count in calculating the ratio of expansion during the opera- 
tion JS(7, a thing which is very often neglected. 

It is evident from what has gone before that the whole 
of the clearance is not filled with fresh steam from the boiler 
at each stroke, but that it is at least partly occupied by 
steam which had been enclosed in it when the exhaust valve 
was shut towards the end of the previous return stroke. 

By shutting the valve at the proper point of the stroke 
a quantity of steam may be enclosed sufficient to fill the 
whole clearance at the same pressure as that of the steam 
from the boiler, thus producing a diagram such as that shown 
Sitl/A. 

If we suppose the cylinder to be formed of non-conducting 
material the curves I/A and BC must be adiabatics, and if 
the temperature as well as the pressure of the steam are the 
same for the point D' as for the point (7, then the steam 
which passes through the process D A in being compressed, 
must pass in reverse order through the same series of changes 
during expansion, and thus corresponds exactly to our defi- 
nition of cushioning steam. 

In actual engines this would be only approximately the 
case, and when instead of passing through the process I/A 
the steam is only partly compressed by the piston as shown 
by the curve DJE, it must evidently absorb heat from the 
fresh steam which enters from the boiler and completes the 
compression as shown by the dotted curve JSF, so that this 
curve must be more perpendicular than an adiabatic. 

In giving up the heat so absorbed, before returning to 
the state E the 6t2am may do a c^ttain quantity of work, 
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and thus" perform other functions besides acting as a cushion 
to reduce the shock to the machine in reversing the motion 
of the piston. That however is the principal office of this 
steam^ and hence the name of cushioning steam is applied 
to it. 

The curve BG indicates the changes of pressure and 
volume undergone by the whole mass of steam in the cylinder, 
but the diagram of the steam which enters from the boiler 
may be found very approximately by the process given in 
Art. 63, Chap. vnL 

For this purpose the form of the curve EF must be esti- 
mated, but generally no great error will be introduced if it 
be considered to coincide sensibly with an adiabatic. 

After being separated' from the diagram of the cushioning 
steam, the diagram of the working steam which enters at 



rra.29. 




the beginning of each stroke from the boiler will resemble 
that shown at ABGD, (fig. 29). 

Here AB and DO represent the same volumes as FB 

and DC in the previous figure (fig. 28), and if BM, ON be 

ON 
drawn through B and parallel to OF the ratio Yyi? will 

represent the real ratio in which the working steam is ex- 
panded. 
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66. Completion of tlie cycle. The rejection of heat 
by the steam after leaving the cylinder may be effected in two 
ways, either by exposing it in a closed vessel called the con- 
denser to the action of cold water, as in a condensing engine, 
or by allowing the steam to escape into the open air and 
carry off with it the whole of the heat it contains in the 
state (7, as is done in a non-condensing or, as it is sometimes 
called, a high-pressure engine. 

In the latter case the back pressure is simply the pres- 
sure of the atmosphere increased by whatever pressure is 
necessary to force the steam through the passages by which 
it leaves the cylinder. 

In the former case the back pressure shown in the 
diagram is the pressure in the condenser, but a pump, called 
the air-pump, must be used to keep the condenser from being 
filled, and strictly the diagram of the work done by this 
pump should be subtracted from the diagram of the work 
done by the engine, but in practice it is usually included in 
the estimate of this work. 

In whichever way the heat is rejected, a pump, called the 
feed-pump, must be employed to raise water from the pres- 
sure at which it was left after condensation to that of the 
boiler, and force it into the boiler, but the volumes of liquid 
water are so small that the diagram of the feed-pump could 
not be shown on the engine-diagram, and the small quantity 
of work done by this pump is also generally included in the 
estimate of the useful work of the engine. 

This completes the cycle, which commences again by the 
heating and evaporation of the water in the boiler at a pres- 
sure which is sensibly constant, as shown at AB. 

67. Ideal condensing eng^e. As an example of the 

application of previous results we may now find the quanti- 
ties of heat which would be absorbed and rejected, and the 
quantity of work which would be done on the supposition 
that the cylinder is formed of non-conducting material, and 
that the steam supplied to it from the boiler is in the state 
of dry saturated vapour. We shall also suppose that water 
is returned to the boiler at the temperature at which heat is 
rejected. 
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Let T^y Tj denote the temperatures of the condenser and 
of the steam from the boiler, in degrees Fahr., and t^, t^ their 
absolute temperatures. 

Then by Arts. 48 and 49, Chap, vn., the heat absorbed 
in raising one pound of water from T^ to T^ and evaporating 
it at T^ is equal to 

JBTj — Aj = i, + Aj — Aj, 

Of these two expressions the former is the simpler, and 
in finding an approximate value there is a smaller error 
introduced by taking the specific heat of water as constant, 
since between 32 and T^ the specific heat varies less rapidly 
than between T^ and T^. Using this formula then, we find 
for the numerical value of the heat absorbed by one pound 
of water, on the supposition that the specific heat of water 
is constant between 32 and T^ and equal to 772, 

S^-\ = 842872 + 235 (i; - 32) - 772 (7, - 32). 

Also since the cylinder was supposed to be impervious 
to heat, therefore the expansion curve represented hy BG 
(fig. 29) must be an adiabatic, and therefore during the 
expansion a portion of the steam will be condensed, as shown 
by Art. 54, Chap. vii. We shall suppose that at the end 
of the expansion the water thus produced falls to the tem- 
perature Tj, along with the expanding steam. By equation 
(7) Art. 54, the weight of steam remaining uncondensed at 
the end of the expansion will be a? of a pound for each pound 
of fluid, where 

775 log, -^ = — * ^ nearly. 

T, Tj Tj 

Therefore the quantity of heat rejected by the engine 
when this remaining steam is condensed is a?ij, where 



xL^ = Tj j -^ - 775 log, -* i nearly. 



Therefore 



^. = r,f-H?^^^^i«I«-7751og.lj. 



10^ 

The pressores of the steam at the temperatoies r^ and 
r, must be fomid from equation (1) of Art 50, Chap, yn^ 
namely 

and the volumes of one pound of steam at these tempera- 
tures, from equation (6) of Art. 51, which gives 

1112770- 546 T 



' 2-3026 (^+^^)p 



68. Efficiency of ideal condensing engine. The effi- 
ciency of Buch an engine as we have supposed, would evi- 
dently be 

J?j — Aj — xL^ 



H,-K 



31 X 

if we take the back pressure as being due only to the 
pressure of condensation for the temperature T^ and neglect 
the power expended in working the pumps. 

In order to compare this efficiency with that of a perfect 
heat-engine working between the same limits of temperature 
we will give a definite numerical value for these limits. 

Let r, = 106 -34" and T, = 295-34^ 

Therefore t^ = 567 and t, = 756. 

Hence we have 

H^ = 842872 + 235 x 263-34, 
thM H^ = 842872 + 61785 ^ 904657, 

A, = 772 X 74-34 nearly = 57391. 

jfore the whole heat absorbed is equal to 
50i657 - 57391 = 847266 foot-pounds. 
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Also for the heat rejected we havd 

to 567 {925-918 + 775 x 0-2877} 

= 567 (925-918 + 222-967) = 567 x 1148-885 ; 

therefore xL^ = 651420 nearly, 

4 jg; - fe, - xL, 847266 - 651420 

H^^h, " 847266 

_ 195846 _^. 
- 847266 "" '^'^^• 

The efficiency of a perfect engine between the same 
limits would have been 

*r^-'r, 189 1 ^^^ 

or s^^ = 7 = 0-2o. 

Tg 756 4 

But we have supposed the cycle of our condensing 
engine to be the same as that of a perfect heat-engine in all 
respects, except only that the water is raised from T^ to T^ 
by heat communicated to it at the temperature 2^. 

It follows that in this process there is a loss of heat 

equal to about 0*019 of the whole heat expended, or about 

0*019 

^— — = 0-08, which is nearly ^^\ of the heat which has been 

utilized in the cycle. 

This loss might be avoided by condensing only a portion 
of the steam, and then compressing the mixture of steam 
and water, by means of a pump, till its temperature and pres»- 
sure should be equal to that of the steam in the boiler to 
which it is returned, the compression being of course sup- 
posed to take place without transfer of heat. 

It has been mentioned in Art. 54, Chap, vrr., that if more 
than about half the fluid is in the state of water before the 
compression commences, then a farther quantity will be con- 
densed during the process. 
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t 

Hence a sufficient quantity of fluid must be left in tbe 
form of vapour to allow the compression to be completed 
before the whole is condensed. 

69. Expansion carves of actual en^es. In the cal- 
culations of the last two articles the expansion curve has been 
supposed to be an adiabatic starting from a point in the curve 
of saturation. In actual steam-engines this is never the case, 
for various reasons, some of which may be mentioned. 

First, the steam at the commencement of the expansion 
is very seldom in the form of dry saturated vapour. 

In passing from the boiler to the cylinder, the steam 
carries over with it a quantity of liquid water in the form of 
finely divided spray, which can only be got rid of by being 
evaporated in some way during the passage to the cylinder. 

Even if a heating apparatus be employed for this purpose, 
the steam at the commencement of the expansion will not 
necessarily be free from liquid water, for the sides of the 
cylinder, instead of being made (as was supposed above) of 
non-conducting material, consist really of metal which must 
be at a lower temperature than the entering steam, since it 
has just before contained steam at the temperature of the 
end of the expansion in the previous stroke. The entering 
steam will therefore have its pressure and temperature 
lowered, and will be partly condensed unless it had been not 
only dried but considerably superheated on its way to the 
cylinder. 

Second, whatever be the initial state of the steam, the 
expansion cannot follow the adiabatic curve, because the 
cyUnder is not formed of non-conducting material. 

If the motion of the piston be very slow there may be 
time for fresh steam to enter the cylinder until its sides ai*e 
raised to the temperature, and the steam to the pressure, 
of the supply. In this case when the steam begins to cool by 
expansion, heat will flow from the metal of the cylinder, and 
thus the expansion curve will be less perpendicular than the 
adiabatic, and will rise above it throughout its whole length. 
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If, as is usaal, the communication with the boiler is cut 
off before the sides of the cylinder have been raised to the 
temperature of the entering steam, then there will be a flow 
of heat from the steam to the metal until the two come to 
the same temperature, and thus during the earlier part of 
the stroke the expansion curve will be more perpendicular 
than the adiabatic, and will fall below it.. 

As the stroke proceeds the steam will be cooled by expan- 
sion and the metal of the cylinder heated until they both 
come to the same temperature. The direction of the flow of 
heat is then changed, for the steam continues to be cooled, by 
further expansion, below the temperature of the metal, and 
must therefore absorb instead of giving out heat. 

In this way' the expansion curve during the latter part of 
the stroke, will become more horizontal than an adiabatic, 
and will rise above it. This alternate heating and cooling of 
the steam must cause a loss of efficiency, because the heat 
taken from the steam in the earlier part of the stroke, even 
if returned to it in the latter part, does not produce its full 
effect, but is returned only in time to be rejected by the 
exhaust steam. 

Third, there seems generally to be a farther loss when 
working with steam which is in the form of saturated vapour 
at the commencement of its expansion, arising from the for- 
mation of water in the cylinder. 

The water formed during the earlier part of the stroke 
and at the higher temperature, does not readily part with 
its heat while the steam is being cooled by expansion, and 
thus tends to make the expansion curve fall below the 
adiabatic, while at the end of the stroke the water which is 
expelled from the cylinder along with the exhaust steam 
carries away with it an undue quantity of heat. 

There may be also a farther loss if some of the partiaUy 
cooled water remain in the clearance space, as it will then 
assist the metal of the cylinder in abstracting heat from the 
steam which enters from the boiler at the commencement of 
the next stroke. The loss caused by the formation of water 
in the cylinder is so serious that, in order to prevent it^cylia- 
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ders in which the ratio of expansion is to be considerable are 
provided with a "steam-jacket," or outer casing, filled with 
steam direct from the boiler. 

By this arrangement, any water which is formed in the 
cylinder at the commencement of the stroke is re-evaporated 
by the heat supplied to the sides of the cylinder' from the 
steam in the jacket*. 

Of course water is formed in the jacket, but this is 
allowed to drain away without interfering with the working 
of the engine, and it is found that a considerable economy of 
beat results. 

The expansion curve of an engine with a steam-jacket 
will throughout rise somewhat above that of another engine 
because the temperature of the sides of the cylinder is, kept 
higher in the one than in the other. 

Again, in what are called "compound" engines, the steam 
after being partly expanded in one cylinder is transferred to 
another for farther expansion. 

Neither cylinder of a compound engine is exposed to 
temperatures so different as those of the beginning and end 
of the whole expansion, and thus a certain amount of loss is 
avoided. 

On the other hand, there is generally a certain loss of 
power during the transfer of the steam from one cylinder to 
the other. 

70. Approximate expansion curve. It is sometimes 

assumed that an engine with a steam-jacket will have an 
expansion curve approximating to the curve of saturation, 
and that an eugine whose cylinder is not steam-jacketed, but 
is covered with material of low conducting power, to prevent 
the escape of heat, will have its expansion curve approxi- 
mately the same as an adiabatic. 

The curves actually obtained are so dififerent that it is 

scarcely worth while to use such complicated calculations as 

those of the curve of saturation and the adiabatic in arriving 

at what, after all, is only a rough approximation to the real 

form. 
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The simple hyperbolic curve does not diflfer very widely 
from either of these curves, and is so much more easily 
calculated that it is generally taken as the best approximate 
expansion curve. 

The hyperbola is more nearly horizontal throughout than 
the curve of saturation, and still more than the adiabatic, 
that is to say, it risea above these curves. 

It follows that in the earlier part of the stroke the 
hyperbolic curve will rise above the expansion curves of all 
engines except those which move very glowly indeed, or 
(what has nearly the same effect) work with a very small 
ratio of expansion. 

In the latter part of the stroke, hawever, the expansion 
curves of most engines are found to rise up to, or even above 
the hyperbola drawn through the point of the diagram at 
which the expansion commenced. 

Thus liBC (fig. 30) be an hjrperbollc curve, then the usual 
form of expansion curve will be represented by a line some- 
what resembling the dotted curve BK. 

71. Calculation of results from approximate expansion 

curve. If we take ABGD as our approximation to the 
diagram of the working steam in an engine, separated from 
that of the cushioning steam, we get for the work done 
during the forward stroke the area OABCN^ which is equal 
to the rectangle OA. OM, together with the area MBCN, 
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And for tlie "work done against the steam during the return 
stroke, the rectangle OD . ON. 

In most engines, however, the expansion of the steam is 
not continued till its pressure falls to that which is to be 
overcome during the return stroke, as this would require 
too large a cylinder. Therefore, after a certain amount of 
expansion the exhaust valve is opened and the pressure 
allowed to fall as suddenly as possible to equality with the 
back pressure. 

The form of our approximate diagram will therefore be 
represented by ABCGUy where G is the pressure of the end 
of the expansion, CO represents the sudden fall of pressure 
when the exhaust valve is opened, and (72/ is the line of 
constant pressure drawn during the return stroke. 

Let p^v^^ p^v^, p^v^ be the pressures and volumes for the 
points B, Cf Q' respectively, and let — , the ratio of expansion^ 
be equal to r. 

Also let T^ be the temperature of the steam in the state 
C at the end of the expansion, and T^ the temperature of the 
feed water. 

Then the work done by the steam during the forward 
stroke according to this approximation, is 

^,t;j+2),Vjlog,r=jp,v,(l + loger) (1), 

and if p^ be the mean intensity of the pressure throughout 
the forward stroke, then 

_ p,t;,(l+loger) l+loger 
and JP.^l±l2g£ (2). 

Px T ^ ' 

Also the work done against the steam in the return 
stroke is p^^^ so that the total useful work given out is 

2),v,(l + log.r)-jp3V, (3). 

The heat rejected may without material error be found 
bjr subtracting the work represented by DCCI/ from the 
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whole quantity of heat which would be rejected if the return 
stroke were performed according to the line CD. 

This latter quantity of heat is called by Kankine the 
heat of release, and is evidently that which would be absorbed 
in raising water from the temperature T^ to T,, and evapo- 
rating it at that temperature. 

Using the notation of Arts. 47 and 48, Chap. Vll., this 
heat of release is therefore equal to H^ — A^, where 

H^ = 842872 + 235 (T, - 32), 

while A^may with sufficient accuracy for the purpose be put 
equal to 772 ( T^ - 32) per lb. of steam. 

Therefore the total heat rejected per lb. of steam is 

842872 + 235 {T^ - 32) - 772 {T, - 32) - v, (jp, -p,)....{^). 

The heat absorbed is to be found by adding to this the 
quantity of heat converted into work before the release of 
the steam, as shown by the area ABGD (fig. 30), and is 
equal to 

S^-K-'^iiP^-P^ +i>it?Xl -floger) -;?3V, ; 
and since jpi^i =^pj}^i this may be written 

Heat absorbed = jEr2 — A4+jPjVj log, r. (5), 

and therefore the efiiciency of the steam is 

■^^2 - ^4 +i^i^i log,r ' ^' 

Rankine points out that in ordinary engines when the 
feed water is supplied between 100° and 120® Fahr., the 
numerical value of the heat of release is very nearly 

H,^h,^lop,v (7), 

from which we should get 

Heat absorbed =^jV^ (15 -f lege?') (8), 

and efficiency of steam = Pi^i(l+loger) ~j)3i;, ^^ 

2^j?;,(lo+log,r) ^ ^ 

s. I/. "^ 
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72. Kodifications of indicator diagrams. One or two 

matters remain to be noticed in connexion with the actual 
indicator diagrams of steam-engines. 

Whatever be the mechanism of the engine the valve 
regulating the admission of steam occupies a finite time in 
passing between its positions of full open and absolutely 
closed. 

During part of this time the orifice through which the 
steam enters the cylinder must be very small, and the pres- 
sure of the steam will thus be diminished iii passing through it. 

This is called "wire-drawing" the steam. 

It is a case of what was mentioned in Art. 54, Ghap. vii., 
as the free expansion of steam, and there is a tendency to 
cause superheating, but its effect on the diagram in pro- 
perly constructed engines is too small to be noticed. 

What is visible is the rounding off of the comer at B 
(figs. 31) and (32) between the lines of admission and ex- 
pansion. 

Thus the hyperbolic curve PQ fig. (32), which is to be 
used as an approximation to the real figure, should be drawn 
through a point b on the line of constant pressure Ab^ cor- 
responding to a part of the stroke rather before the steam- 
valve is perfectly shut. 

In the same way the gradual opening and closing of the 
exhaust valve causes a certain rounding of the corners of the 
diagram at G and (7, and again at D' (fig. 31). 

The gradual fall of pressure about the point (7 is of course 
only produced if the exhaust valve be opened a little before 
the end of the forward stroke. Otherwise the expansion 
curve ends sharply at the end of the stroke, but the fall of 
back pressure about G is even more gradual than that shown 
in the figures. 

In actual diagrams there are generally also undulations 
in the curves, especially with fast-moving engines. 

These are probably caused partly by variations in the 
pressure of the steam itself, but chiefly by vibrations of the 
spring of the instrument used in taking the diagrams. 
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It is best to consider the true diagram as consisting of 
lines drawn half-way between the top and bottom of these 
undulations. 

Thus the actual diagram of an engine may resemble the 
figure ABGCiyEA (fig. 31). 

Taking the dotted lines EFy FA to represent the opera- 
tions of the entering steam in compressing the cushioning 
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steam, the remaining dotted lines serve to show the form of 
the diagram when cleared of undulations. 

Again, taking the diagram as shown by the dotted lines 
and separating the diagram of the working from that of the 
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coshioniDg steam we get a diagnon of somewhat the form 
shown at ABCCUA fig. (32). 

The dotted line PhQ is the hyperbolic curve, and the 
distance FA represents that part of the clearance which is 
filled at each stroke with firesh steam. 

It may be mentioned h^re that the temperatare and 
pressure in the condenser of an engine do not satisfy the 

equation logJ|>=-4 3 iAAiL 50, because there is always 

T T 

air in the condenser as well as steam and water, and this 
raises the pressure above that due to satnrated vapour 
alone. 

73. Grapihic oonstroctiaii finr ^^ ^^. Rankine 




gives the following graj^c ocmstruction for finding ^^ , 

which may be used when tables are not at hand. 

Draw any straight line AB and produce BA to C^ 
making ^(7= —^ . 

From centre C with radius CB describe a circle, and 
through A draw AD perpendicular to AB to cut the circle 
inD. 

DA 

Divide DA in £ so that DE^ , and through E draw 

T 

£F parallel to AB to cut the cirde DFB in F. 
Then -^ = ^t-^ nearly. 
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And since by equation (2) of the last article 



In reality -jj. is somewhat too large when r is large, 



74. The rectaug^Qlar hyporbolar. Given one point on 
a rectangular hyperbola, any number of other points may be 
found graphically as follows. 




Let P be the given point, draw P.Vy parallel to OF to 
to meet OX in V. Produca XO to Z'and from OX cut off 
U^ equal to V.F^. Bisect 17, V^ in (7i, and from centre C^ 
with radias (7,Ki draw a circle cutting OY in 8. In XX 
take any number of other points c^jC,... and with centres 
CffV^f- and radii c,s, c^, c^s... describe circles cutting X'Xin 

Through V^V^V^ draw lines parallel to OY, and from 
these cut off parts VJ*^ F,P^ F.P,... equal to OU^tOU^OU,... 
respectively. 

Then evidently V^x Y,P, = F, x F,P, - F, x r,P.= . . . 
= (OS')',and therefore P,P,P,... are points on the hy^thQla., 
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NAPIERIAN LOGARITHMS. 

The usual method of finding tlie value of € the base of Na- 
pierian Logarithms and the series for the Napierian Logarithm 
log«r, are here given, as completing Chap. iv. 

r' = {l + (r-])}', 

and expanding by the Binomial Theorem we have 

which by re-arrangement can be written 

.-=l+a:|(r-l)-i(r-ir + l(r-l)«~l(r-l)V...]- 

+ terms involving x% x^ and higher powers of x. 

This shows that r* can be expanded in a series beginning with 
1 and proceeding in ascending powers of a5j we may therefore 
suppose that 

r* = 1 + CjO; + c^x' + c^a? + c^x* ^ ; . . 

where c^ c^ C3..;are quantities which do not depend on a, and which 
therefore remain unchanged however x may be changed ; also 

c> = (^-l)-\{r-iy + l{r-iy-l{r~iy+... 

while Cj C3.., are at present unknown; we proceed to find their 
values. 

Changing x into x + y, we have 

/''"»' = 1 + Cj (jc + 2^) + c^ (a; + y)*4- C3 (a; + 2^)"+ ... 
= l + Cjy + cy + cy+... 
+ (Cj + 2Cj^ + Scg^' + ,,,)x 

+ terms involving jc* and higher powera of x, 
but r*+*' = r*r»' = r»'{l + Cja;+c^* + C3a^+ ...} 

= r*' + c^r^x + c/^x* -v c^o^x® + .... 
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Since the two expressions for r*"''*' are identically equal we 
may assume tliat the co-efficients of x in the two expressions are 
equal j therefore c^ + 2c^ + 3c^ + ^c^ + . , . = c^. 

But Cj7* = Cj{l + Cjy + Cjy + C32/'+ ...}. 

Assuming again that in these identically equal series the co- 
efficients of the corresponding powers of y are equal, therefore 

3c3 = c,c,, orc3 = -^= j-^-^, 
4c4 = c,C3, orc, = -^«=j^, 

Thus ^'•=l + ca; + -}^ + -^+ -^+ ... 

* |2 1 3 [4 

Since this is true for all values of a;, take x such that 0^05= 1, 
or a; = — j therefore 

^ 1 1 1 1 1 

The sum of this series is approximately equal to 2'718281828... 
and is generally denoted by c. It is the base of the Napierian 

system of logarithms. We have then r*^ = c, therefore r = c^i and 
Cj = lege r. That is to say, 

Again put r = 10*, therefore log^^, r — x. 

Now since r = 10" = €<^i, therefore c^ = log, (10*), and therefore 

C^ = X loge 10, or loge T = log^^ V X log, 10. 

Also since 10* = c^'i, therefore x = log^^ (c*^) and x — c^ log,^, e, or 
logjj, r = loge ^ logjo ^y ^^* l^gio^ = 0*4342945 nearly ; therefore 

logj,r = 0-4342945 log. rand logelO= = 2*3025851 nearly; 

therefore log, r = 2*3025851 log^^r. 
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College, Cambridge. Edited by N. M. Ferrers, M.A., Fellow 
and Tutor of Gonville and Caius College. Svo. 15^. 

**// has been for some time recognized thai Greenes writings are 
amongst the most valuable mcUhematical prodt4ctions we possess," — 
Athenaeum. 

Hemming.— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS. For the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. Svo. cloth. 9^. 
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Jackson.— GE9METRICAL CONIC sections. An Ele- 
mentary Treatise in which the Conic Sections are defined as the 
Plane Sections of a Cone, and treated by the Method of Projections. 
By J. Stuart Jackson, M. A., late Fellow of Gonville and Caius 
Collie. Crown 8vo. 4r. 6d. 

Kelland and Tait.— an INTRODUCTION TO QUATER- 

NIONS. With numerous Examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the department of 
Mathematics in the University of Edinburgh. Crown 8vo. 7^. 6d, 

Tkis work is an attempt to make it possible to introduce the subject oj 
Quaternions into an Elementary Course of Mathematics; it is 
written for those who desire to become mathematicians. In the 
first nine chapters Prof Kelland endeavours to illustrate and 
enforce the principles of the science; the last chapter^ by Prof 
laity is an introduction to the application of Quaternions to the 
region beyond that of pure geometry, 

Morgan.— A COLLECTION OF PROBLEMS AND EXAM- 
PLES IN MATHEMATICS. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. cloth. 6j. 6d, 

Newton's Principia.— 4to. cloth. 31J. Sd, 

It is a sufficient guarantee of the reliability of this complete edition oj 
Newtofis Principia that it has been printed for and under the care 
of Professor Sir William Thomson and Professor Blackburn, of 
Glasgow University. 

Parkinson.— A TREATISE ON OPTICS. By S. Parkin- 
SON, D.D., F.R.S., Fellow and Tutor of St. John's College, 
Can^bridge. Third Edition, revised and enlarged. Crown 8vo. 
cloth, los. 6d. 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant Tutor 
of Clare ColL Cambridge. Fourth Edition. Cr. 8vo. cloth. 5^. 6d, 

Pirrie. — LESSONS ON RIGID DYNAMICS. By the Rev. G. 
PiRRiE, M.A., Fellow and Tutor of Queen's College, Cambridge. 
Crown 8vo. 6s. 

Pratt.— A TREATISE ON ATTRACTIONS, LAPLACE'S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By John H. Pratt, M.A., Archdeacon of Calcutta, Author of 
**The Mathematical Principles of Mechanical Philosophy." Fourth 
Edition. Crown 8vo. cloth. 6^. 6d, 
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Puckle. — AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With numerous 
Examples and Hints for their Solution. By G. Hale Puckle, 
M.A. Fourth Edition, enlarged. Crown 8vo. is, 6d. 

Rayleigh.— THE THEORY OF SOUND. By Lord Rayleigh, 
F.R.S., formerly Fellow of Trinity College, Cambridge. Vol. 1. 
8vo. I2J. 6d. 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and edited by A. R W. Kennedy, C.E., Professor of 
Civil and Mechanical Engineering, University College, London. 
With 450 Illustrations. Royal 8vo. 20s, 

Routh.— AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
numerous Examples. By Edward John Routh, M.A., F.R.S., 
late Fellow and Assistant Tutor of St. Peter's College, Cambridge ; 
Examiner in the University of London. Third Edition, enlarged. 
8vo. 2 1 J. 

Tait and Steele.— dynamics of a particle. With 

numerous Examples. By Professor Tait and Mr. Steele. New 
Edition. Crown 8vo. cloth. lOr. 6d, 

Thomson.— PAPERS ON ELECTROSTATICS AND MAG- 
NETISM. By Professor Sir William Thomson, F.R.S. 
8vo. i&f. 

** /« the whole range of modern mental actiinty and research^ there 
is perhaps nowhere to be found* any such amount of purely scien- 
tific matter^ free from all speculation whatever ^ cu is to be found 
in these diversified and masterly papers on the nearly allied 
subjects of electricity and magnetism, — Scotsman. 

Todhunter.— Works by I. Todhunter, M.A., F.R.S., of 
St. John's College, Cambridge : — 

**Afr. Todhunter is chiefly known to students of mathematics as the 
author of a series of admirable mathematical text'books^ which 
possess the rare qualities of being clear in style and absolutely free 
from mistakes^ typographical or other, ^^ — Saturday Review. 

A TREATISE ON SPHERICAL TRIGONOMETRY. Third 
Edition, enlarged. Crown Bvo. cloth. 4;. dd. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fifth 
Edition. Crown 8vo. is, td. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. Seventh Edition. Crown 8vo. lar. (>d. 
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Todhun ter — continued, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
A.PPLICATIONS. With numerous Examples. Fourth Edition, 
revised and enlarged. Crown 8vo. cloth. lor. 6^. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Third Edition, revised. Crown 8vo. cloth. 4^. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Third Edition, revised and enlarged. Crown 8vo. 
cloth. lOf. (}d, 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the Time of Pascal to that of Laplace. 
Svo. 1 8 J. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
Principally on the Theory of Discontinuous Solutions : An Essay 
to which the Adams* Prize was awarded in the University of 
Cambridge in 187 1. Svo. 6^. 

A HISTORY OF THE MATHEMATICAL THEORIES OF 

ATTRACTION, and the Figure of the Earth, from the time of 

Newton to that of Laplace. Two vols. Svo. 24J. 

" Probably no man in England is so qualified to do justice to the 

theme as Mr. Todhunter, To all mathematicians these volumes 

will be deeply interesting, and to all succeeding investigcUors, of the 

k^est practical utility.^'* — Athenaeum. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown Svo. lOr. dd. 

Wilson (W. P.)— A TREATISE ON DYNAMICS. By 
W. V. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast Svo. 
9J. td, 

Wolstenholme. — A BOOK OF MATHEMATICAL 
PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's College, some 
time Fellow of St. John's College, and lately Lecturer in Mathe- 
matics at Christ's College. Crown Svo. cloth. %s, 6d. 

Young.— SIMPLE PRACTICAL METHODS OF CALCU- 
LATING STRAINS ON GIRDERS, ARCHES, AND 
TRUSSES. With a Supplementary Essay on Economy in suspen- 
sion Bridges. By E. W. Young, Associate of King's College, 
London, and Member of the Institution of Civil Engineers. Svo. 
js. 6d. 
An excellent combination of theoretical methods of finding strains 
in beams and structures, as modified by practical experience. The 
reasoning is dear, and the equations are simple enough, and do not 
require more than a knowledge of elementary algebra and trigono- 
metry for their solution. The diagrams are especially clear, ^^ — 
Architect. 
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Airy (G. B.)— POPULAR ASTRONOMY. With lUustrations. 
By Sir G. B. Airy, K.C.B., Astronomer Royal. Eighth Edition. 
i8mo. cloth. 4r. (>d, 

Bastian. — Works by H. Charlton Bastian, M.D., F.R.S., 
Professor of Pathological Anatomy in University College, London, 
&c.:— 

THE BEGINNINGS OF LIFE : Being some Account of the Nature, 

Modes of Origin, and Transformations of Lower Organisms. In 

Two Volumes. With upwards of lOO Illustrations. Crown 8vo. 28j. 

**// is a book that cannot be ignar&iy and must inevitably lead to 

renewed discussions and repeated observations^ and through these to 

the establishment of truth, — A. R. Wallace in Nature. 

EVOLUTION AND THE ORIGIN OF LIFE. Crown Svo. 
6s, 6d. 

*^ Abouftds in information oj interest to the student of biological 
science^ — Daily News» 

Blake.— ASTRONOMICAL MYTHS. Based on Flammarion's 
**The Heavens." By John F. Blake. With numerous Illustra- 
tions. Crown Svo. qj. 

Blanford (H. F.)— RUDIMENTS OF PHYSICAL GEO- 
GRAPHY FOR THE USE OF INDIAN SCHOOLS. By 
H. F. Blanford, F.G.S. With numerous Illustrations and 
Glossary of Technical Terms empk^ed. New Edition. Globe 
Svo. 2J. (>d, 

Blanford (W. T.>— GEOLOGY AN1> ZOOLOGY OF 
ABYSSINIA. By W. T. Blanford. Svo. 2ij. 
With Coloured Illustrations and Geological Map, ^^The result of 
his labours, ^^ the Academy says, ** is an important contribution 
to the natural history of the country," 

Bosanquet — AN ELEMENTARY TREATISE ON MUSICAL 
INTERVALS AND TEMPERAMENT. With an Account of 
an Enharmonic Harmonium exhibited in the Loan Collection of 
Scientific Instruments, South Kensington, 1S76 ; also of an Enhar- 
monic Organ exhibited to the Musical Association of London, 
May, 1875. By R. H. Bosanquet, Fellow of St. John's College, 
Oxford. Svo. 6j. 
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Cooke (Josiah P., Jun.)— first principles of 

CHEMICAL PHILOSOPHY, ^y Josiah P. Cooke, Jun., 
Ervine Professor of Chemistry and Mineralogy in Harvard College. 
Third Edition, revised and corrected. Crown 8vo. izr. 

Cooke (M. C.)— HANDBOOK OF BRITISH FUNGI, 
with fidl descriptions of all the Species, and Illustrations of the 
Genera. By M. C. Cooke, M. A. Two vols, crown 8vo. 24?. 
" Will maintain its place as the standard English book, on the 
subject of which it treats , for many years to come" — Standard. 

Dawkins,— CAVE-HUNTING : Researches on the Evidence of 
Caves respecting the Early Inhabitants of Europe. By W. Boyd 
Dawkins, F.R.S., &c.. Lecturer in Geology at Owens College, 
Manchester. With Coloured Plate and Woodcuts. 8vo. 21s. 

The mass of information he has brought together , with the judicious 
use he has made of his materials, will be found to invest his book 
with much of fuw and singular value" — Saturday Review. 
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Dawson (J. W.)— ACADIAN geology. The Geologic 
Structure, Organic Remains, and Mineral Resources of Nova 
Scotia, New Brunswick, and Prince Edward Island. By John 
William Dawson, M.A., LL.D., F.R.S., F.G.S., Principal and 
Vice-Chancellor itf M*Gill Collie and University, Montreal, &c. 
Second Edition, revised and enlarged. With a Geological Map 
and numerous Illustrations. 8vo. i8r. 

** The book will doubtless find a place in the library, not only of 
the scientific geologist, but also of all who are desirous of the tn- 
dustrial progress and commercial prosperity of the Acadian pro- 
vinces, " — Mining. Journal, 

Forbes,— THE TRANSIT OF VENUS. By George Forbes, 
B.A., Professor of Natural Philosophy in the Andersonian Univer- 
sity of Glasgow. With numerous Illustrations. Crown 8vo. 3^. 6d. 

** Professor Forbes has^done his work admirably.** — Popular Science 
Review. ** A compact sketch of the whole matter in cUl its as- 
pects." — Saturday Review. 

Foster and Balfour.— elements of embryology. 

By Michael Foster, M.D., F,R.S., andF. M. Balfour, M.A., 
Fellow of Trinity CoU^e, Cambridge. With numerous Illustra- 
tions. Part I. Second Edition. Crown 8vo. 'js. 6d, 

Gallon. — Works by Francis Galton, F.R.S. :— 

METEOROGRAPHICA, or Methods of Mapping the Weather. 
Illustrated by upwards of 600 Printed Lithographic Diagrams. 
4to. 9^. 
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GaltOn— continued, 

HEREDITARY GENIUS : An Inquiry into its Laws and Con- 
sequences. Demy 8vo. I2s, 

The Times calls it ^^ a most able and most interesting hook;^^ and 
Mr. Darwin, in his ^^ Descent of Man^* {vol, i./, iii), saysj ** We 
knoWf through the admirable labours of Mr, Gatton^ that Genius 
tends to be inherited,*^ 

ENGLISH MEN OF SCIENCE; THEIR NATURE AND 
NURTURE. 8vo. &f. ed, 
" The book is certainly one of very great interest,^* — Nature. 

Geikie.— ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY. With numerous Illustrations. By Archibald 
Geikie, LL.D., F.R.S., Murchison Professor of Geology and 
Mineralogy at Edinburgh. i8mo. 4;. 6d, 

Gordon.— AN elementary book on heat. By J. E. 
H. Gordon, B.A., Gonville and Caius College, Cambridge. 
Crown 8vo. 2s, 

Guillemin.— THE FORCES OF NATURE: A Popular Intro- 
duction. to the Study of Physical Phenomena. By Am:6d^e 
Guillemin. Translated from the French by Mrs. Norman 
LocKYER ; and Edited, with Additions and Notes, by J. Norman 
Lockyer, F.R.S. Illustrated by 455 Woodcuts. Cheap Edition, 
in 18 Monthly Parts, price is. each. (Part I in May.) 
** Translator and Editor have done justice to their trust, 77ie 
text has all the force and flow of original writings combining 
faithfulness to the author's meaning with purity and independence 
in regard to idiom; while the historical precision and accuracy 
pervading the work throughout, speak of the watchful editorial 
supervision which has been given to every scientific detail. Nothing 
can well exceed the clearness and delicacy of the illustrative wood- 
cuts. Altogether^ the work may be said to have no parallel , either 
in point 0/ fulness or attraction^ as a popular manual of physical 
science, .... What we feel, Tiowever, bound to say, and 
what we say with pleasure, is, that among works of its class no 
publication can stand comparison either in literary completeness or 
in artistic grace with it," — Saturday Review. 

THE APPLICATIONS OF PHYSICAL FORCES. By A. 

Guillemin. Translated from the French by Mrs. Lockyer, and 

Edited with Notes and Additions by J. N. Lockyer, F.R.S. 

With Coloured Plates and numerous Illustrations. Imperial 8vo. 

cloth, extra gilt 3dr. 
A book which we can heartily recommend, both on account of the 
width and soundness of its contents, and also because of the excel- 
lence of its print, its illustrations, and external appearance." — 
Westminster Review. 
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Hanbury.— SCIENCE papers : chiefly Pharmacological and 
Botanical. By Daniel Hanbury, F.R.S. Edited, with 
Memoir, by J. Ince, F.L.S., and Portrait engraved by C. H. 
Jeens. 8vo. 14;. 

Henslow.— THE THEORY OF EVOLUTION OF LIVING 
THINGS, and Application of the Principles of Evolution to 
Religion considered as Illustrative of the Wisdom and Benefi- 
cence of the Almighty. By the Rev. George Henslow, 
M.A., F.L.S. Crown 8vo. 6j. 

" In one thing Mr, Henslow has done great good: he has shown 
that it is consistent with a full dogmatic belief to hold opinions 
very different from those taught as NaturcU Theology some hcUf- 
century ago,^* — Nature. 

Hooker. — Works by J. D. Hooker, C.B., M.D., D.C.L., 
President of the Royal Society :— r 

THE STUDENTS FLORA OF THE BRITISH ISLANDS. 
Second Edition, revised. Globe 8vo. lor. td. 

The object of this work is to supply students and field-botanists with a 
fuller account of the Plants of the British Islands than the manuals 
hitherto in use aim at giving. ** Certainly the fullest and most 
accurate manual of the kind that hcu yet appeared. Dr. Hooker 
has shown his characteristic industry and ability in the care and 
skill which he has thrown into the charcuters of the plants. These 
are to a great extent original^ and are recUly admirable for their 
combination of clearness^ brevity ^ and completeness. '^^ — Pall Mall 
Gazette. 

PRIMER OF BOTANY. With Illustrations. i8mo. \s. New 
Edition, revised and corrected. 

Huxley and Martin.— a COURSE OF practical in- 
struction IN ELEMENTARY BIOLOGY. By T. H. 
Huxley, LL.D., Sec. R.S., assisted by H. N. Martin, B.A., 
M.B., D.Sc, Fellow of Christ's Collie, Cambridge. Crown 8vo. 
ds. 
" This is the most thoroughly valuable book to teachers and students 

of biology which has ever appeared in the English tongue^ — 

London Quarterly Review. 

Huxley (Professor).— LAY SERMONS, ADDRESSES, 

AND REVIEWS. By T. H. Huxley, LL.D., F.R.S. New 

and Cheaper Edition. Crown 8vo. Is, 6d. 

Fourteen Discourses on the following subjects: — (i) On the Advisable- 
ness of Improving Natural Knffivledge: — (2) Emancipation — 
Black and White : — (3) A Liberal Education, and where to find 
ft^;— (4) ScientificEducation : — (5) On the Educational Value of 
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Huxley (Professor) — continued. 

the Natural History Sciences: — (6) On the Study of Zoology: — 
(7) On the Physical Basis of Zi/e:—{S) The Scientific Aspects of 
Positivism: — (9) On a Piece of Chalk: — (10) Geological Conteni' 
poraneity and Persistent Types of Life : — ( 1 1 ) Geological Reform : — 
(12) The Origin of Species :— [it) Criticisms on the ** Origin of 
Species :'*'' — (14) On Descartei *^ Discourse touching the Method of 
using Onis Reason rightly and of seeking Scientific Truth" 

ESSAYS SELECTED FROM "LAY SERMONS, AD- 
DRESSES, AND REVIEWS." Second Edition. Crown 8vo. 

IS. 

CRITIQUES AND ADDRESSES. 8vo. lOr. Sd. 

Contents: — I. Administrative Nihilism. 2, The School Boards: 
what they can do, and what they may do. 3. On Medical Edu- 
cation. 4. Yeast, 5. On the Formation of Coal. 6. On Coral 
and Coral Reefs, 7. On the Methods and Results of Ethnology, 
8. On some Fixed Points in British Ethnology, 9. Paleontology 
and the Doctrine of Evolution, lo. Biogenesis and Abiogenesis, 
II. Mr. DarwirCs Critics. 12. The Genealogy of Animals, 
13. Bishop Berkeley on the Metaphysics of Sensation. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition. i8mo. cloth. 4;. (>d. 

This book describes and explains, in a series of graduated lessons, the 

principles of Human Physiology, or the Structure and Functions 

of the Human Body. ^^ Pure gold throughout.** — Guardian. 

** Unquestionably the clearest and most complete elementary treatise 

on this subject that we possess in any language.** — Westminster 

Review. 

AMERICAN ADDRESSES: with a Lecture on the Study of 
Biology. 8vo. 6j. dd. 

Jellet (John H., B.D.) — a TREATISE ON THE 
THEORY OF FRICTION. By John H. Jellet, B.D., 
Senior Fellow of Trinity College, DubUn ; President of the Royal 
Irish Academy. 8vo. %s. 6d. 

** The book supplies a want which has hitherto existed in the science 
of pure mechanics. ** — Engineer. 

Jones.— THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor RoscoE. New Edition. i8mo. with Illustrations. 2s. 6d. 

Kingsley. — GLAUCUS : OR, THE WONDERS OF THE 
SHORE. By Charles Kingsley, Canon of Westminster. 
New Edition, revised and corrected, with numerous Coloured 
Plates. Crown 8vo. $s. 
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Kirchhoff (G.)— RESEARCHES ON THE SOLAR SPEC- 
TRUM, and tie Spectra of the Chemical Elements. By G. 
Kirchhoff, Professor of Physics in the University of Heidelberg. 
Second Part Translated, with the Author's Sanction, from the 
Transactions of the Berlin Academy for 1862, by Henry R. 
RoscoE, B.A., Ph.D., F.R.S., Professor of Chemistry in Owens 
Collie, Manchester. • Part II. 4to. 5x. 

Lockyer (J. N.) — Works by J. Norman Lockyer, F.R.S.— 
ELEMENTARY LESSONS IN ASTRONOMY. With nu- 
merous Illustrations. New Edition. i8mo. 5^. 6d, 

** The book is full, clear, sound, and worthy of attention, not only as 
a popular exposition, but as a scientific * Index.*** — Athenaeum. 
** The most fascinating of elementary books on the Sciences,** — 
Nonconformist 

THE SPECTROSCOPE AND ITS APPLICATIONS. By J. 
Norman Lockyer, F.R.S. With Coloured Plate and numerous 
Illustrations. Second Edition. Crown 8vo. 3^. 6d. 

CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman 
Lockyer, F.R.S. I. A Popular Account of Inquiries into the 
Physical Constitution of the Sun, with especial reference to Recent 
Spectroscopic Researches. II. Communications to the Royal 
Society of London and the French Academy of Sciences, with 
Notes. Illustrated by 7 Coloured Lithographic Plates and 175 
Woodcuts. Royal 8vo. cloth, extra gilt, price 3IJ. 6d. 
** The first part of the work, presenting the reader with a continuous 
sketch of the history of the various inquiries into the physical con- 
stitution of the sun, cannot fail to be of interest to all who care for 
the revelations of modern science; and the interest will be enhanced 
by the excellence of the numerous illustrations by which it is accom- 
panied'** — Athengeum. ** The book may be taken as an authentic 
exposition of the present state of science in connection with the im- 
portant subject of spectroscopic analysis, . . . Even the unscientific 
public may derive much infortnation from it.** — Daily News. 

Lubbock. — Works by Sir John Lubbock, M.P., F.R.S., 

D.C.L. :— 
, THE ORIGIN AND METAMORPHOSES OF INSECTS. 

With Numerous Illustrations. Second Edition. Crown 8vo. 3j. 6d. 

**As a summary of the phenomena of insect metamorphoses his little 
book is of great value, and will be read with interest and profit 
by all students of natural history. The whole chapter on the 
origin of insects is most interesting and valuable. The illustra- 
tions are numerous and good.** — Westminster Review. 

ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 
TION TO INSECTS. With Numerous Illustrations. Second 
Edition. Crown 8vo. 4r. 6d. 
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Macmillan (Rev. Hugh). — For other Works by the same 
Author, see Theological Catalogue. 

HOLIDAYS ON HIGH LANDS ; or, Rambles and Incidents in 
search of Alpine Plants. Globe 8vo. cloth. 6j. 

** One of the most charming hooks of its kind ever written,^* — 
Literary Churchman. ^* Mr, Macmillan^ s glowing pictures of 
Scandinavian scenery. ^^ — Saturday Review. 

FIRST FORMS OF VEGETATION. Second Edition, corrected 
and enlarged, with Coloured Frontispiece and numerous Illustra- 
tions. Globe 8vo. 6j. 

The first edition of this book was published under the name of 
** Footnotes from the Page of Nature; or. First Forms of Vegeta- 
tion.*' This edition contains upwards of lOO pages of new 
matter and eleven new Ulustraiions, ^* Probably the best popular 
guide to the study of mosses, lichens, and fungi ever written. Its 
practiced vcUue as a help to the student and collector cannot be 
exaggerated,''^ — Manchester Examiner. 

Mansfield (C. B.)— Works by the late C. B. Mansfield :— 

A THEORY OF SALTS. A Treatise on the Constitution of 
Bipolar (two-membered) Chemical Compounds. Crown 8vo. 141. 

AERIAL NAVIGATION. The Problem, with Hints for its 
Solution. Edited by R. B. Mansfield. With a Preface by J. 
M. Ludlow. With Illustrations. Crown 8vo. \os, 6d, 

Miller.— THE ROMANCE OF ASTRONOMY. By R. Kalley 
Miller, M.A., Fellow and Assistant Tutor of St. Peter's Col- 
lege, Cambridge. Second Edition, revised and enlarged. Crown 
8vo. 3J. 6d, 

Mi vart ( St. Geoi ge). — Works by St. George Mivart, F.R.S. 
&c.. Lecturer in Comparative Anatomy at St. Mar/s Hospital:-^ 

ON THE GENESIS OF SPECIES. Crown 8vo. Second 
Edition, to which notes have been added in reference and reply to 
Darwin's "Descent of Man." With numerous Illustrations, pp. 
XV. 296. 9J. 
" In no work in the English language has this great controversy 

been treated at once with the same broad and vigorous grasp of 

facts, and the same liberal and candid temper," — Saturday 

Review. 
THE COMMON FROG. With Numerous Illustrations. Crown 
8vo. p. 6d, (Nature Series.) 
" // is an able monogram of the Frog, and something more. It 

throws valuable crosslights over wide portions of animated nature. 

Would that such works were more pletttiful"—Q^xi^x\y Journal 

of Science. 
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Murphy. — Works by Joseph John Murphy : — 

HABIT AND INTELLIGENCE, in Connection with the Laws of 
Matter and Force : A Series of Scientific Essays. New Edition. 

\In the Press. 
THE SCIENTIFIC BASES OF FAITH. 8vo. 14?. 

Nature.— A WEEKLY ILLUSTRATED JOURNAL OF 
SCIENCE. Published every Thursday. Price 4//. Monthly 
Parts, IJ-. 4//. and is. %d, ; Half-yearly Volumes, 10s, 6d, Cases for 
binding Vols, is, 6d, 

** This able and well-ediied Journal^ which posts up the science of 
the day promptly ^ and promises to be of signal service to students 

andsasuanls Scarcely any expressions that we can employ 

would exaggerate our sense of the moral and theological value of 
the work, — British Quarterly Review. 

Oliver.— Works by Daniel Oliver, F.R.S., F.L.S., Professor of 
Botany in University College, London, and Keeper of the Herba- 
rium and Library of the Royal Gardens, Kew : — 

LESSONS IN ELEMENTARY BOTANY. With nearly Two 
Hundred Illustrations. New Edition. i8mo cloth. 4f. 6d, 

This book is designed to teach the elements of Botany on Professor 
Henslow^ s plan of selected Types and by the use of Schedules, The 
earlier chapters, embracing the elements of Structured and Physio- 
logical Botany f introduce us to the methodical study of the Ordinal 
Types, The concluding chapters are entitled, " Bow to Dry 
Plants " and '^ITow to Describe Plants.^* A valuable Glossary is 
appended to the volume. In the preparation of this work free use 
has been made of the manuscript materials of the late Professor 
Henslow. 

FIRST BOOK OF INDIAN BOTANY. With numerous- 
' Illustrations. Extra fcap. 8vo. 6x. dd, 

** // contains a well- digested summary of all essential knowledge 
pertaining to Indian Botany, wrought out in accordance with the 
best principles of scientific arrangement,^^ — Allen's Indian Mail. 

Penrose (F. C.)— on a method of predicting by 

GRAPHICAL construction, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Together with more rigorous methods ' 
for the Accurate Calculation of Longitude. By F. C. Penrose, 
F.R.A.S. With Charts, Tables, &c. 4to. I2J. 

Perry.— AN ELEMENTARY TREATISE ON STEAM. By 
John Perry, B.E.,Whitworth Scholar, &c., late Lecturer in Physics 
at Clifton College. With numerous Woodcuts, Numerical Examples, 
and Exercises. i8mo. 4^. dd. 
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Pe rry — continued, 

**Mr. Perry has in this compact little volume brought together an 
immense amount of information^ new told, regarding steam and 
its applicaiion^ not the least of its merits being that it is suited to 
the capacities alike of the tyro in engineering science or the better 
grade of artisan." — Iron. 

Pickering.— ELEMENTS OF PHYSICAL MANIPULATION. 
By E. C. Pickering, Thaver Professor of Phvsics in the Massa- 
chusetts Institute of Technology. Part I., medium 8vo. los, dd. 
Part II., los. 6d, 

* * We shall look with interest for the appearance of the second volume^ 
and when finished * Physical Manipulation^ will no doubt be 
considered the best and most complete text^book on the subject of 
which it treats,^* — Nature. 

Prestwich. — THE PAST AND FUTURE OF GEOLOGY. 
An Inaugural Lecture, by J. Prestwich, M.A., F.R.S., &c.. 
Professor of Geology, Oxford. 8vo. 2s. 

Rendu. — THE THEORY OF THE GLACIERS OF SAVOY. 
By M. LE Chanoine Rendu. Translated by A. Wells, Q.C, 
late President of the Alpine Club. To which are added, the Original 
Memoir and Supplementary Articles by Professors Tait and Rus- 
KiN. Edited with Introductory remarks by George Forbes, B.A., 
Professor of Natural Philosophy in the Andersonian University; 
Glasgow. 8vo. ^s, 6d, 

Roscoe. — Works by Henry E. Roscoe, F.R.S., Professor of 
Chemistry in Owens College, Manchester : — 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromo- 
litho of the Solar Spectrum, and of the Alkalies and Alkaline 
Earths. New Edition. i8mo. cloth. 4J. 6d. 
CHEMICAL PROBLEMS, adapted to the above by Professor 
Thorpe. Fifth Edition, with Key. 2s, 

** We unhesitatingly pronounce it the best of all our elementary 
treatises on Chemistry." — Medical Times. 
SPECTRUM ANALYSIS. Sue Lectures, with Appendices, En- 
gravings, Maps, and Chromolithographs. Royal 8vo. 21s. 
A Third Edition of these popular Lectures^ containing all the most 
recent discoveries and several additional illustrations. **The 
lectures themselves furnish a most admirable elementary treatise 
on the subject, whilst by the insertion in appendices to each lecture 
of extracts from the most important published memoirs, the author 
has rendered it equally valuable as a text'book for advanced 
students" — Westminster Review. 

Roscoe and Schorlemmer. — a treatise on che- 

MISTRY. By Professors Roscoe and Schorlemmer. With 
numerous Illustrations. Vol. I. Medium 8vo. [Nearly ready. 
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Rumford (Count).— the life and complete works 

OF BENJAMIN THOMPSON, COUNT RUMFORD. With 
Notices of his Daughter. By George Ellis. With Portrait. 
Five Vols. 8vo. l,\ 14?. 6dr. 

Schorlemmer.— A manual of the chemistry of 

THE CARBON COMPOUNDS OR ORGANIC CHEMISTRY. 
By C. Schorlemmer, F.R.S., Lecturer in Organic Chemistry in 
Owens College, Manchester. 8vo. 14J. 
**// appears to us to be a^ complete a manual of the metamorphoses of 

carbon as could be at present produced, and it must prove eminently 

useful to the chemical student, *' — Athenaeum. 

Smith.— HISTORIA FILICUM : An Exposition of the Nature, 
Number, and Organography of Ferns, and Review of the Prin- 
ciples upon which Genera are founded, and the Systems of Classifi- 
cation of the principal Authors, with a new General Arrangement, 
&c By J. Smith. A.L.S., ex-Curator of the Royal Botanic 
Garden, Kew. With Thirty Lithographic Plates by W. H. FiTCH, 
F.L.S. Crown 8vo. 12s, 6d, 

** JVo one anxious to work up a thorough knowledge of Jems can 
afford to do without it,^^ — Gardener's Chronicle. 

SpottiswOOde.— POLARIZATION OF LIGHT. By W. 
Spottiswoode, F.R.S. With numerous Illustrations. Second 
Edition. Crown 8vo. y. 6d, (Nature Series.) 
** The illustrations are exceedingly well adapted to assist in making 

the text comprehensible,^^ — Athengeum. ^^ A clear, trustworthy 

manual, " — Standard. 

Stewart (B.) — Works by Balfour Stewart, F.R.S., Professor 
of Natural Philosophy in Owens Collie, Manchester i — 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolithos of the Spectra of the Sun, Stars, 
and Nebulae. New Edition. i8mo. 45. dd. 
The Educational Times calls this the beau-idial of a scientific text- 
book, clear, ctccurate, and thorough,** 

PRIMER OF PHYSICS. With Illustrations. New Edition, with 
Questions. i8mo. is, 

Stewart and Tait.— the unseen universe.- or, 

Physical Speculations on a Future State. By Balfour Stewart, 

F.R.S., and P. G. Tait, M.A. Sixth Edition. Crown 8vo. dr. 

** 7 he book is one which well deserves the attention ofthoughtjul and 

religious readers, , , , It is a perfectly sober inquiry, on scientific 

grounds^ into the possibilities of a future existence,** — Guardian. 
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Tait— LECTURES ON SOME REGENT ADVANCES IN 
PHYSICAL SCIENCE. By P. G. Tait, M.A., Professor of 
Philosophy in the University of Edinbuigh. Second edition, 
revised and enlarged, with the Lecture on Force delivered before 
the British Association. Crown 8vo. 9^. 

Taylor.— SOUND AND MUSIC : A Non-Mathematical Trea. 
tise on the Physical Constitution of Musical Sounds and Harmony, 
including the Chief Acoustical Discoveries of Professor Helm- 
holtz. By Sedley Tavlou, M.A., l^te Fellow of Trinity. Col- 
ledge, Cg,mbridge. Large crown 8vp. Ss. 6d. 
" In no previous scientific treatise do we remember so exhaustive and 

so richly illustrated a description of forms of vibration and of 

wave-fMotion in /fwat/j."— Musical Standard. 

Thomson. — Works by SiR Wyville Thomson, K.C.B., F.R.S, 

THE DEPTHS OF THE SEA : An Acicount of th^ General 
Results of the Dredgmg Cruises of H.M.SS. "Porcupine" and 
** Lightning " during the Summers of 1868*69 and 70, under the 
scientific direction of Dr. Carpenter, F.R.S., J. Gw)m Jeffreys, 
F.R.S., and Sir Wyville Thomson, F.R.S. With nearly 100 
Illustrations and 8 coloured Maps and Plans. Second Edition. 
Royal 8vo. cloth, gilt. '^is.6d. 

The Athenaeum says : ** T^e book is fiill of interesting matter, and 
is written by a master of the art of popular exposition^ It is 
excellently illustrated^ both coloured maps and ivoodcuts possessing 
high merit. Those who have already become interested in dredging 
operations will of course make a point of reading this work ; those 
who wish to be pleasantly introduced to the stibject^ and rightly 
to appreciate the news which arrives from time to time from the 
* Challenger,* should not fail to seek instruction from it" 

THE VOYAGE OF THE " CH ALLE;NGER."— THE ATLAN- 
TIC. A Preliminary account of the Exploring Voyages of H.M.S. 
" Challenger," during the year 1873 and the early part of 1876. 
With numerous Illustrations, Coloured Maps and Charts, and Pa|> 
trait of the Author, engraved by C. H. Jeens. 2 Vols. Medium 
8vQ. Uniform with '* Depths of the Sea." [I^earfy ready, 

Thudichum and Dupre, — A TREATISE ON THE 

ORIGIN, NATURE, AND VARIETIES OF WINE, 
Being a Complete Manual of Viticulture and QEnology. By J. L; 
W. Thudichum, M.D., and August Dupr6, Ph.D., Lecturer on 
Chemistry at Westminster Hospital Medium 8vo; cloth gilt. 95^. 

^^A treatise almost unique for its usefulness either to the wine-grower, 
the vendor, or the consumer of itnne, Thf am^sfs <^ tvine are 
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Thudichum and 'D\xii^T€—conHtmed, 

the most eomplde we have yet seen^ exhibiting at a glance the 
constituent principles of nearly all the wines known in this country,** 
— ^Wine Trade Review. 

Wallace (A. R.) — Works by Alfred Russel Wallace. 

CONTRIBUTIONS TO THE THEORY OF NATURAL 
SELECTION. A Series of Essays. New Edition, with 
Corrections and Additions. Crown 8vo. &*. 6d, 

Dr, Hooker^ in his address to the British Association, Spoke thus 
of the author: ** Of Mr, Wallace and his many contributions 
to philosophical biology it is not easy to speak without enthu' 
fiasm; for, jfutting aside their great merits, he, throughout his 
writings, wi$h a modesty as rare as I believe it to be uncon- 
scious, forgets his own unquestioned claim to the honour of 
having originated independently of Mr. Darwin, the theories 
which he so abfy defendsj*^ The Saturday Review says: ^^He 
has combined an abundance of fresh and ordinal facts with a 
liveliness c^nd sagacity of reasoning which are not often displayed 
so effectively on so small a sccUe** 

THE QEOQRAPHJCAL DISTRIBUTION OF ANIMALS, 
with a study of the Relations of Living and Extinct Faunas as 
Elucidating the Past Changes of the Ear&'s Surface. 2 vols. 8vo. 
yfi^ Maps, and numerous Illustrations by Zwecker, 42^. 

75k Ti^es says: ^* Altogether it is a wonderful and fascinating 
story, whatever objections may be taken to theories founded upon 
it. Mr. Wallace has not attempted to add to its interest by any 
adornments of style; he has given a simple and clear statement of 
intrinsic(Uly interesting fc^ts, and what he considers to be legiti- 
pi^ inductions from them. Naturalists ought to be grateful to 
him. for having undertaken so toilsome a task. The work, indeed, 
is a credit to all concerned — the author, the publishers, the artist — 
unfortunately now no more— of the attractive illustrations — last 
but by no means least, Mr, Stanford's maprdesi^ner." 

Warington.-^THE WEEK OF creation; or, THE 
COSMOGONY OF GENESIS CONSIDERED IN ITS 
RELATION TO MODERN SCIENCE. By George War- 
INGTQN, Author of ** The Historic Character of the Pentateuch 
Vindicated." Cyoiyn 8vo. 45. td, 

Wilson, — Wprks by the Iftte George Wilson, M.D., F.R.S.E., 
Regius Professor of Tephnology in the University of Edinburgh : — 

• IIELIGIO CHEMICI. With a Vignette beautifully engraved after 
a design by Sir Noel Paton. Crown 8vo. 8r. 6d. 
**A more fascinating volume," the Spectator says, ** has seldom 
fallen into our hands." 
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Wilson — continued. 



THE PROGRESS OF THE TELEGRAPH. Fcap. 8vo. \s. 
** While a complete view of the progress of the greatest of human 
inventions is obtained^ all its suggestions are brought out with a 
rare thoughtfulness^ a genial humour, and an exceeding beauty of 
utterance." — ^Nonconformist. 

Wilson (Daniel.)— CALIBAN : THE MISSING LINK. By 
Daniel Wilson, LL.D., Professot of Histoty and English Litera- 
ture in University College, Toronto. 8vo. lOf. 6d, 
** The whole volume is most rich in the eloquence of thought and 
imagination as well as of wordst It is a choice contribution at 
once to science^ theology, religioH, and literature,^* — British 
Quarterly Review. 

Winslow.— FORCE AND NATURE : ATTRACTION AND 
REPULSION. The Radical l>rmclples of Energy graphically 
discussed in their Relations to PhysioEd and Morphological De- 
velopment. By C. F. Winslow, M^D. 8vo. 14^. 
* * Deserves thoughtful and conscientious study,** — Saturday Review. 

WurtZ A HISTORY OF CHEMICAL THEORY, from the 

Age of Lavoisier down to the present time. By Ad. Wurtz. 
Translated by Henry Watts, F.R.S. Crown 8vo. dr. 
** The discourse^ as a r^sum^ of chemical theory and research, unites 
singular luminousfuHs and grasp, A few judicious notes are added 
by the translator,** —ViSH Mall Gazette. " The treatment of the 
subject is admiraile^ and the translator has evidently done his duty 
most efficiently,** — Westminster Review. 



WORKS ON MENTAL AND MORALr 
PHILOSOPHY, AND ALLIED SUBJECTS. 

Aristotle.— AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Trinity College, Cambridge. 8vo. 14J. 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste, 
M.A., Fellow of Oriel College, Oxford. 8vo. &f. ()d. 

Birks. — ^Works by the Rev. T. R. BiRKS, Professor of Moral Philo- 
sophy, Cambridge : — 
FIRST PRINCIPLES OF MORAL SCIENCE ; or, a First 

Course of Lectures delivered in the University of Cambridge. 

Crown 8vo. 8j. 6d, 
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Birks — €ontinued. 

** T^is work treats of three topics all preliminary to the direct exposi- 
tion of Moral Philosophy. These are the Certainty and Dignity 
of Moral Science^ its Spiritual Giography^ or relation td other 
main subjects of human thought^ and its Formative Principles^ or 
some elementary truths on which its whole development must 
depend. 

MODERN UTILITARIANISM; or, The Systems of Paley, 
Bentham, and Mill, Examined and Compared. Crowh 8vo. bs\ 6d. 

MODERN PHYSICAL FATALISM, AND THE DOCTRINE 
OF EVOLUTION ; including an Examination of Herbert Spen- 
cer's First Principles. Crown 8vo. 6s. 

Boole. -^ AN INVESTIGATION OF THE LAWS OF 
THOUGHT, ON WHICH ARE FOUNDED THE 
. MATHEMATICAL THEORIES OF LOGIC AND PRO- 
BABILITIES. By George Boole, LL.D., Professor of 
. Mathematics in the Queen's Univ^sity, Ireland, &c. 8vo. 14^. 

Butler.— LECTURES ON THE HISTORY OF ANCIENt 
PHILOSOPHY. By W. Archer Butler^ late Professor 01 
• Moral Philosophy in the University of Dublin. Edited from the 
Author's MSS., with Notes, by William Mepworth Thomp- 
son, M.A., Master of Trinity College, and Regius Professor ot 
Greek in the University of Cambridge. New and Cheaper Edition, 
tevised by the Editor. 8vo. I2j. 

CalderwOOd. — Works by the Rev. HenrY CalderwooD, M. A.> 
LL.D., Professor of Moral Philosophy in the University of Edin- 
burgh :■**■ 

PHILOSOPHY OF THE INFINITE : A Treatise on Man's 
Knowledge of the Infinite Being, in answer to Sir W. Hamilton 
and Dr. Mansel. Cheaper Edition. 8vo. Js. 6d. 
**A book of great ability .... written in a clear style, and may 

be easily understood by even those who are not versed in such 

discussions,^* — British Quarterly Review. 

A HANDBOOK OF MORAL PHILOSOPHY. New Edition. 
Crown 8vo. 65. 
**It ts, we feel convinced, the best handbook on the subject, intellectually 

and morally, and does in/inite credit to its author,** — Standard. 

**A compact and useful work, going over a great deal of ground 

in a manner adapted to suggest and facilitate further study. , . . 

/fis book will be an assistance to many students outside his own 

University of Edinburgh^* — Guardian. 
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Fiske.— OUTLINES OF COSMIC PHILOSOPHY, BASED 
ON THE DOCTRINE OF EVOLUTION, WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By John 
Fiske, M.A., LL.B., formerly Lecturer on Philosophy at 
Harvard University. 2 vols. 8vo. 25^. 

** The work -constitutes a very effective ertcyclopadia of the evolution- 
ary philosophy^ und is wdt worth the study of ctll who wish to see 
at once the entire scope and purport of the scientific dogmatism of 
the ^<!zy."-- Saturday Review. 

Green (J. H.)— spiritual PHILOSOPHY: Founded on 
the Teaching of the late Samuel Taylor Coleridge. By the 
late Joseph Henry Green, F.R.S., D.C.L. Edited, with a 
Memoir of the Author's Life, by John Simon, F.R.S., Mimical 
Officer of Her Majesty's Privy Council, and Surgeon to St 
Thomas's Hospital Two Vols. 8vo. 25^. 

Jardine.— THE ELEMENTS OF THE PSYCHOLOGY OF 
COGNITION. By Robert Jardine, B.D., D.Sc., Principal of 
the General Assembl3r*s College, Calcutta, and Fellow of the Uni- 
versity of Calcutta. Crown 8vo. dr. 6d. 

Jevons. — Works by W. Stanley Jevons> M.A., Professor ot 
Logic in Owens College, Manchester^ 

THE SUBSTITUTION OF SIMILARS, the True Principle of 
Reasoning. Derived from a Modification of Aristotle's Dictum. 
Fcap. 8vo. 2J. 6d. 

**Mr. Jevo^ hook is very clear and iHtelligiifie, and quiti worth con* 
suiting. " — Guardian. 

THE PRINCIPLES OF SCIENCE. A Treatise on L<^c and 
Scientific Method. 2 vols. 8vo. 25J. 

** We believe that this will be recognized in the future cu one oflhe most 
vcduable philosophical works of our time" — Manchester Examiner. 

Maccoll. — THE GREEK SCEPTICS, from Pyrrho to Sextus. 
An Essay which obtained the Hare Prize in the year 1868. By 
Norman Maccoll, B.A., Scholar of Downing College, Cam- 
bridge. Crown 8vo. 3J. 6d, 

M'Cosh. — Works by James M'Cosh, LL.D., President of Princeton 

College, New Jersey, U.S. 

** He certainly shows himsdf skilful in that application of logic to 
psychology y in that inductive science of the human mind wluch is 
the fine side of English philosophy. His philosophy as a whole is 
worthy of attention," — Revue de Deux Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 
and Moral. Tenth Edition. 8vo. \os. 6d. 
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M'Cosh — tamiimuJ, 

**T7iis wtfrkis disiutgmsMed Jram other similar ones by its bang 
based upon a thorough study of physical science^ and an accurate 
knowledge of its present condUion^ and by its entering in a 
deeper and more unfettered manner than its predecessors upon the dis' 
cussion of the appropriate psychological, ethual^ and theologieal ques- 
turns. The author keeps aloof at once from the ^ priori idealism and 
dreaminess of German speculation since Schelling, and from the 
onesidedness and narrowness of the empiricism and positivism 
which have so prevailed in Engiandy — ^Dr. Ulrid, in "Zdtschrift 
fiir Philosophie." 

THE INTUITIONS OF THE MIND. A New Edition. 8vo. 
dodL lor. 6dC 

" The undertaking to adjust the claims of the sensational and in- 
tuitional philosophies, and of the k posteriori andk priori methods^ 
is accomplished in this work with a great amount of success J* — 
Westminster Review. "/ rnUue it for its large acquaintance 
with English Philosophy, which has not led hSn to neglect the 
qreat German works. I admire the moderation and clearness, as 
well as comprehensiveness, of the author's Tnews,** — ^Dr. Domer, of 
Berlin. 

AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY j 
Being a Defence of Fundamental Troth. Second edition^ with 
additions. lOf. 6d, 

*^Such a work greatly needed to be done, and theauthor was the man 
to doit. This volume is important, not merely in reference to the 
views of Mr. Mill, but of the whole school of writers, past and 
present, British and Continental, he so ably represents. ^^ — Princeton 
Review. 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Formal Logic. Crown 8vo. 5j. 

" The amount of sumtftarized information which it contains is very 
great; and it is the only work on the very important subject with 
which it deals. Never was such a, work so much nemed as in 
the present day." — London Quarterly Review. 

CHRISTIANITY AND POSITIVISM : A Series of Lectures to 
the Times on Natural Theology and Apologetics. Crown 8vo. 
yj. 6d. 

THE SCOTTISH PHILOSOPHY FROM HUTCHESON TO 
HAMILTON, Biographical, Critical, Expository. Rojral 8vo. idr. 

MaSSOn.— RECENT BRITISH PHILOSOPHY: A Review 
vrith Criticisms; including some Comments on Mr. Mill's Answer 
to Sir William Hamilton. By David Masson, M.A., Professor 
of Rhetoric and English Literature in the University of Edinburgh. 
Crown 8vo. 6s. 
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MaSSOn — continued, 

** We can nowhere paint to a work which gives so clear an exposi- 
tion of the course of philosophical speculation in Britain during 
the past century y or which indicates so instructively the mutual in- 
fluences of philosophic and scientific thought J* — Fortnightly Review. 

Maudsley. — Works by H. Maudsley, M.D., Professor of Medical 
Jurisprudence in University College, London. 

THE PHYSIOLOGY OF MIND ; being the First Part of a Third 
Edition, Revised, Enlarged, and in great part Rewritten, of ** The 
Physiology and Pathology of Mind. " Crown 8vo. lor. &/. 

BODY AND MIND": an Inquiry into their Connexion and Mutual 
Influence, specially with reference to Mental Disorders, An 
Enlarged and Revised edition. To which are added, Psychological 
Essays. Crown 8vo. 6s. 6d, 

Maurice. — Works by the Rev. Frederick Denison Maurice, 
M.A., Professor of Moral Philosophy in the University of Cam- 
bridge. (For other Works by the same Author, see Theological 
Catalogue.) 

SOCIAL MORALITY. Twenty-one Lectures delivered in the 
University of Cambridge. New and Cheaper Edition. Crown 8vo, 
I ox. 6d. 

* * Whilst reading it we are charmed by the fre^iom from exclusiveness 
and prejudice^ the large charity^ the loftiness of thought^ the eager- 
ness to recognize and appreciate whatever there is of real worth 
extant in the worlds which animates it from one end to the other. 
We gain new thoughts and new ways of viewing things^ even mare, 
perhaps, from being brought for a time under the influence of so 
noble and spiritual a mind, — Athenaeum. 

THE CONSCIENCE : Lectures on Casuistry, delivered in the Uni- 
versity of Cambridge. New and Cheaper Edition. Crown 8vo. 5x. 
The Saturday Review says: **We rise from them with detestation 
of all that is selfish and mean, and with a living impression that 
there is such a thing as ^odness after all.^^ 

MORAL AND METAPHYSICAL PHILOSOPHY. Vol. L 
Ancient Philosophy from the First to the Thirteenth Centuries .; 
Vol. II. the Fourteenth Century and the French Revolution, with 
a glimpse into the Nineteenth Century. New Edition and 
Preface. 2 Vols. 8vo. 25J. 

Murphy,— THE SCIENTIFIC BASES OF FAITH. By 
Joseph John Murphy, Author of " Habit and Intelligence." 
8vo. I4r. 

** The book is not without substantial valtie; the writer continues the 
work of the best apologists of the last century, it may be with less 
force and clearness, but still with commendable persuasiveness and 
tact ; and with an intelligent feeling for the changed conditions of 
tlie problem,'' — Academy. 
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PlCton.— THE MYSTERY OF MATTER AND OTHER 
ESSAYS. By J. Allanson Picton, Author of " New Theories 
and the Old Faith." Crown 8vo. lOr. dd. 

Contents \—The Mystery of Matter^The Philosophy of Igno- 
rance — The Antithesis of Faith and Sight — The Essential Nature 
tf Religion — Christian Panthtism, 

Sidgwick.— THE METHODS OF ETHICS, By Henry 
SiDGWiCK, M.A., Lecturer a^d late Fellow of Trinity College, 
Cambridge. Svo. 14^. 
^^ This excellent and very wdcome volume. .... Leaving to meta- 
physicians any further discussion that may be needed respecting the 
already over-discussed problem of the origin of the moral faculty , he 
takes it for granted as readily cu the geometrician takes space for 
granted^ or the physicist the existence of matter. But he takes little 
else for granted, and defining ethics as * the science of conduct,* he 
carefully examines, not the various ethical systems that have been 
propounded by Aristotle and AristoUds followers downwards, but 
the principles upon which, so far as they confine themselves to the 
strict pf-ovince of ethics, they are to^."-r- Athenaeum. 

Thornton.— OLD-FASHIONED ETHICS, AND COMMON- 
SENSE METAPHYSICS, with some of their Applications. Bv 
William Thomas Thornton, Author of ** A Treatise on Labour.^' 
Svo. lor. dd. 

The present volume deeds with problems which are agitating the 
minds of all thoughtful men. The following are the Contents : — 
/. Ante-Utilitarianism. 11^ History's Scientific Pretensions, J II. 
David Hume as a Metaphysician. IV. Huxleyism. V. Recent 
i*hase of Scientific Atheism. VI. Limits of Demonstrable Theism. 

Thring (E., M.A,)— thoughts on life-scxence. 

By Edward Thring, M.A. (Benjamin Place), Head Master of 
Uppingham SchooL New Edition, enlarged and revised. Crown 
Svo. 7^. 6d. 

Venn. — THE LOGIC OF CHANCE : An Essay on the Fo^jnda- 
tions and Province of the Theory of Probability, with especial 
reference to its logical bearings, and its application to Moral and 
Social Science. By John Venn, M.A., Fellow and Lecturer of 
Gonville and Caius College, Cambridge. Second Edition, re" 
written and greatly enlarged. Crown Svo. lOf. 6d. 
** One of the most thoughtful and philosophical treatises on any sub- 
ject connected with logic and evidence which has been produced in 
this or any other country for many years. ^* — MilFs Logic> vol. ii. 
p. 77. Seventh Edition. 
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